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A bstract
The Elliott SU(3) Model, extended via pseudo-spin for heavy nuclei, is used to  study low-lying 
magnetic dipole excitations in deformed nuclei which sure known as “scissors” modes. Proton and 
neutron degrees of freedom are handled explicitly and a  system Hamiltonian th a t  preserves SU(3) 
symmetry and one th a t includes single particle energies as well as quadrupole-quadrupole and pairing 
two-body interactions are considered.
Starting from a  basic nuclear Hamiltonian that preserves SU(3) symmetry, a  microscopic in­
terpretation of the “scissors” mode of the Two Rotor Model is realized through a linear m apping 
between invariants of the rotor group and SU(3). The model allows for a  classification of SU(3) 
shell-model configurations in terms of collective degrees of freedom. Triaxiality of the parent proton 
and neutron distributions is shown to add a “twist” degree of freedom to the usual “scissors” mode 
picture. An analysis of the results for the M l transition strength given in the SU(3) limit o f the 
theory provides evidence for the underlying collective nature of the “scissors” mode.
The low-energy spectrum and M l strength distribution are also calculated using a realistic Hamil­
tonian th a t includes the SU(3) symmetry breaking pairing and single particle term s. These additional 
terms generate the experimentally observed fragmentation, th a t is, the breakup of the M l strength  
among several levels, thus providing a natural explanation for the complex structure of the  M l 
transition spectra. Results for the strongly-deformed even-even 156_160Gd and 156-160Dy isotopes 
are shown to be in good agreement with experiment. Further results for the  7 -unstable (soft rotor) 
196P t nucleus and the  even-odd 163Dy system are also discussed and found to  compare favorably 
with the available experimental data.
ix
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C hapter 1
Introduction
A relatively new discovery in nuclear structure physics has attracted considerable theoretical and 
experimental attention over the last few years. Initially predicted in 1978 within the framework of 
a phenomenological two-rotor model (TRM) by Lo Iudic and Palumbo [79], the strongly enhanced 
M l transitions in heavy deformed nuclei were detected experimentally six years later in an (e, e') 
scattering experiment on l56Gd.
The early interpretation of th is so-called scissors mode was that of rigid proton and neutron 
rotors with axial symmetric shapes performing rotational oscillations against each other. Numerous 
experiments, using electron-scattering and nuclear resonance fluorescence techniques th a t have been 
carried out in the rare-earth and actinide region [77] have shown, however, that this simple picture 
has to be modified. While the predominantly orbital character of this magnetic dipole excitation 
tha t was predicted by the two-rotor model was confirmed experimentally, other features can not 
be explained in a  simple collective model. One o f them  is the so-called fragmentation, th a t is, the 
breakup of the M l strength among several levels closely packed and clustered around a  few strong 
transition peaks in the  energy region between 2 and 4 MeV.
Very recent experiments have also established the  scissors mode for the 7 -soft nucleus 196P t an 
even-odd nuclei w ith an unpaired neutron. In these cases the structure of the M l transition spectrum 
is very different from the one observed for well deformed even-even actinides and remains largely 
unexplained. As will be shown in th is work, a  nuclear model that is able to  address all these issues 
is the pseudo SU(3) scheme.
1
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Since its introduction in the late sixties [65, 101], the pseudo-spin concept has been applied to 
various properties of heavy deformed nuclei [71, 118, 24]. However, the nucleon-nucleon interaction 
used in these pseudo-SU(3) investigations is very schematic in nature because of technical difficulties 
related to the calculation of SU(3) m atrix elements of more general interactions. Recently a  code 
was released [6] that lifts these lim ita t io n s  and allows for the introduction of interactions like pairing, 
which are important for an adequate description of experimental results within the framework of 
pseudo-SU(3) model calculations [115].
The pseudo-SU(3) model is a  many particle shell-model theory th a t takes full advantage of 
pseudo-spin symmetry [5, 17], which is manifest in the near degeneracy of the orbital pairs [(1 — 
l)j= i+ i/2> ( l+ l) J=/ - i / 2]i and also takes full account of the Pauli Exclusion Principle. As an algebraic 
shell-model theory the pseudo-SU(3) scheme exploits powerful group theoretical methods in the 
construction of the basis states and for the calculation of required matrix elements [24, 101].
As an introduction, the  second chapter discusses some basic features of the SU(3) symmetry and 
a classification scheme for many particle states using SU(3) quantum numbers. An aspect th a t will 
be important for the later application is the coupling of proton and neutron many-particle states 
that are classified in a  SU(3) scheme. As is already clear from the basic description of the scissors 
mode, the interaction of protons and neutrons and their possible couplings are essential for the 
description of this phenomenon.
The third chapter gives an outline of the SU(3) model and introduces the different operators 
that are needed for a realistic description of the scissors mode. These are either operators that 
conserve SU(3) symmetry and can be interpreted in terms of a collective model, or operators that 
break SU(3) symmetry and describe single particle effects. As will be shown, the interplay of these 
different operators is essential for a  description of the complex structure of the scissors mode.
In chapter four we discuss the pseudo symmetry which allows one to  describe heavy nuclei in 
the rare-earth and actinide region using relatively small configuration spaces. A question th a t is 
of interest for the application to the  7 -soft nucleus 196P t is the goodness of the pseudo-spin for
2
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triaxial deformations. Earlier studies had only investigated the goodness of this symmetry for axial 
deformations.
Chapter five gives a  discussion of the scissors mode in the framework of the pseudo-SU(3) model. 
After the m ain  experimental results are presented and a  short review of other nuclear models is 
given, a  generalization of the TRM model for the case of triaxial proton and neutron deformations 
will be discussed. This g en e ra lisa tio n  makes use of the close relation between SU(3) and the rotor 
picture which allows one to find a relation between collective variables and SU(3) parameters. As 
will be discussed, with this generalization of the TRM  model the underlying collective structure of 
the scissors mode can be described naturally in term s of the pseudo SU(3) model.
The results for a  realistic nuclear pseudo SU(3) Hamiltonian th a t includes pairing and single 
particle terms will be discussed next. W ith this extension it becomes possible to  explain the observed 
fragmentation and to  describe the 7 -soft and odd-even isotopes that are of experimental interest and 
for which so far no reasonable results have been found by other nuclear theories.
The final chapter six summarizes the find ing s and an appendix presents some of the group 
theoretical tools needed for the calculation.
3
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C h ap ter 2
The SU (3) sym m etry
Group theoretical methods allow for a  mathematically elegant treatm ent of complex physical 
systems th a t have specific symmetry properties. A well-known example for th e  use of group theory 
in physics is the  classification of hadrons into different families according to their quark structure. A 
to ta l of six different quarks serve as building blocks and form either three quark or quark-antiquark 
systems. If a  subset of only three quark families is considered, the symmetry group used is SU(3). If 
more quark families are taken into account, higher symmetry groups are employed to  classify mesons 
and baryons. In high energy physics SU(3) is also realized as the color symm etry group for quarks 
and gluons [58, 61].
Another example is the use of the group SO(3) for rotationally invariant systems. This symmetry 
allows for the  classification of eigenstates with angular momentum quantum numbers and the use 
of powerful group theoretical tools like coupling coefficients and the Wigner-Eckart theorem for the 
evaluation of m atrix  elements [121].
The symmetries in the above example are so called exact symmetries, meaning th a t the systems 
remain unchanged under the full set of transformations th a t generate the symmetry. But even in 
a  more general setting where this strong requirement can not be met, the symmetry concept can 
still be useful. A second symmetry type is dynamical symmetry. In this case the system is not 
necessarily left invariant under the symmetry operations, but eigenstates can still be associated w ith 
an irreducible representation of the group.
4
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
This concepts of a  dynamical symmetry can be illustrated by the Zeeman effect. In  the presence of 
an uniform magnetic field the rotational invariance of the Hamiltonian is lifted and the corresponding 
degeneracy of eigenstates with the same angular momentum disappears. The additional interaction 
term fl-B  prefers certain orientations over others, but since the magnetic moment jl  is proportional 
to the angular momentum and thus does not mix different L values, one can still ascribe a  good 
angular momentum quantum  number to  the  eigenstates.
In nuclear physics group theoretical methods have evolved as an im portant tool because of the 
complex many particle nature of the nucleus. An im portant example is the Interacting Boson 
model (IBM) which in its earliest version assumes th a t the  nucleus consists of bosonic proton and 
neutron pairs that are coupled to spin zero and angular momentum zero or two [2, 3]. The group 
corresponding to this system is U(6 ).
In the  nuclear shell model, where the three dimensional isotropic harmonic oscillator is used as 
an approximation for the  nuclear mean field SU(3), the symmetry group of the harmonic oscillator 
emerges as an important symmetry. SU(3) becomes a dynamical symmetry  if a quadrupole-quadupole 
deformation term is added to the mean field. Due to the dominance of the quadrupole-quadrupole 
interaction in the mid-shell region, the SU(3) symmetry remains useful as an approximate symmetry 
even if small SU(3) symmetry breaking single particle or pairing term s are added to  the nuclear 
Hamiltonian.
The features of this so called SU(3) or Elliott model will be discussed after an introduction 
to some basic concepts of group theory and the classification of many particle states using SU(3) 
quantum  numbers.
2.1 Basic defintions
An im portant concept th a t is used in group theory is th a t of a  Lie group. A continuous Lie group 
G has an  infinite number of elements th a t are parameterized by n  variables. A well-known example
5
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Table 2.1: Rank and number of generators for different groups.
Group number of 
generators
rank
SO(2JVj N ( 2 N  - 1 ) N
SO(2N  + 1) N ( 2 N  +  1) N
U (N) N 2 N
SU(N) N * - l N -  1
is S0(3), the  group of rotations in three dimensions where the elements are parameterized by three 
angles.
The objects of interest, however, are not so much the group elements but th e  operators that 
generate infinitesimal group transformations. These operators X a form the so-called Lie Algebra 
and are characterized by their commutation relation
[Xa , X 0] = c l <0X ^ ,  (2.1)
where the structure constants, define most of the group properties. The finite group transfor­
mations are then given by the generators as:
a
U (a i ,a 2 - . . a s) = e x p ^ a iX t . (2.2)
i=l
A Lie group has one or more invariant operators that can be built from inner products of its 
generators and that commute with all generators of the groups:
[C,XQ] = 0 ,  a  =  1,2, . . . s  (2.3)
The maximum number of these so called Casimir operators possible in a  group is given by its rank.
For the different groups th a t  will be discussed in this chapter, the  rank and num ber of generators
are listed in Table 2.1.
6
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The generators of the rotational group SO(3), for example, are given by the three components 
of the angular momentum Lx, L y and L z and the Casimir operator is L 2 =  L* +  Ly +  L \ .
2.2 SU (3) and the harm onic oscillator
The group that is of special interest here and will be discussed in more detail is the symm etry group 
of the harmonic oscillator. Its special symmetry is reflected in the energy spectrum where within a 
shell not only the states with fixed angular momentum have the same energy -  corresponding to the 
rotational invariance of the Hamiltonian -  but all the states regardless of the L  value.
The other well-known example for a higher symm etry than rotational invariance is the  Hamil­
tonian of the hydrogen atom with a  1/ r  dependent Coloumb potential. Its energy spectrum  also 
shows an extra degeneracy, reflecting the SO (4) symm etry of the Hamiltonian.
The underlying symmetry group of the harmonic oscillator Hamiltonian,
+  (2'4)
becomes visible if it is rewritten it in terms of boson creation and annihilation operators that are 
defined as:
bi = \/?Sf (*»+*£:) (2‘5)V 2n ttujj
*  -  <26)
where bi and the hermitian conjugated operator fej, respectively, reduces or increases the  number 
of oscillator quanta in the i-th direction. With these two operators th a t  satisfy the commutation 
relations
=  <5tj (2-7)
M i ]  =  (2-8)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
the Hamiltonian for an harmonic oscillator (h. o.) can be written as
H o= fu j(& b + h  . (2.9)
In this notation the Hamiltonian has been expressed in terms of the  U(3) generators,
An = b\bj , (2 .10)
that shift an  oscillator quanta from the  j - th  to the t-th  direction. T he h. o. Hamiltonian thus clearly 
conserves the U(3) symmetry and basically counts the total number of quanta in th e  x, y and z 
direction.
The commutation relations for the U(3) generators introduced in Eq. (2.10) can easily be derived 
from the ones between the space and momentum coordinates ([ii,P j] -- and are:
The three Casimir operators that exist for U(3) (see Table 2.1) can be expressed by the shift operators 
as:
Eq. (2.11) it is easy to show that N ,  C i  and C3 commute with all generators as necessary.
The generators of the U(3) Lie algebra given in Eq. (2.10) can be modified to SU(3) generators 
by removing the trace. This amounts to  subtracting the boson number operator,
[A ij , .AfcZ ] — SjkAu 5u Akj (2 .11)
N (2.12)
(2.13)
C3 — ^  ' AijAjkAki
ij,k
(2.14)
where the factor 3/2 for C i  reflects a  common convention. Using the  commutation relation given in
8
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V  = A i j ~  . (2-15)
which leaves the physics described in either the SU(3) or U(3) picture unchanged.
Since the total number of quanta is conserved, the SU(3) irreducible represenations [87] -  the
so-called irreps -  only depend on the relative difference of quanta along the three axes and only 
two quantum  numbers are necessary to classify these. Commonly these are given by the so-called 
highest weight state th a t is characterized by a maximum number of quanta along the z-axis and the 
maximum of the remainder along the x-axis as:
A =  n z —nx (2.16)
H = nx - n y (2.17)
For a  single particle in the  n-th shell the SU(3) irrep is thus given by (A,/r) =  (n, 0).
2.2.1 The SU(3) D 50 (3 ) group chain
Different options exist for a further classification of the SU(3) irreps (A,fi) with the sublabels de­
pending on the choice of subgroups.
An important example for the physical significance of the choice of group chains is the  Interaction 
Boson Model (IBM). As was mentioned earlier, this model assumes th a t proton and neutron pairs 
are coupled to bosons w ith spin zero and angular momentum zero or two. From the  number of 
different angular momentum states it follows th a t the symmetry group of such a  system is U(6). 
The interesting feature of this model is the existence of three different group chains th a t each contain 
the rotational group SO (3) as a subgroup and correspond to a specific limit of the model: The U(5) 
chain is used for the description of vibrational nuclei (applicable near closed shells), the  0 (6 ) chain 
for the description of 7 -unstable nuclei (transition region), and th e  SU(3) chain for the  description 
of rotational nuclei (applicable in the mid-shell region).
9
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For applications in the shell model which use the SU(3) symmetry it is convenient to make use 
of the rotational invariance of the system by selecting SO(3) as a  subgroup. To do so, a set of 
SU(3) generators that transform as rotational tensors will be introduced. They can be expressed by 
the U(3) generators M j  introduced in Eq. (2.10) tha t correspond to a  cartesian scheme and shift 
oscillator quanta in the x, y or z direction, as:
■'10 =  X(A32-A 23), (2.18)
Li±i =  ^ 12 -  ^ 21 ^  *(-^31 — -A13)) 1 (2-19)
Q20 =  2A h  — A22 -  A33, (2.20)
Q%±i =  \ j ^ (M2  +  M i  ±  *(>li3 +  -^31)) » (2-21)
Qf±2 =  \J~̂ (M2 - >̂ 33 ±  *(^23 +  A3 2 )) . (2.22)
This set of SU(3) generators uses the three components of the angular momentum operator Li and 
the five components of the algebraic quadrupole operator Q ^ -  The algebraic quadrupole operator 
has angular momentum 2 and can be expressed in cartesian coordinates as:
Q%  =  (r2y^  +  ^ A m ( p ) )  > t* =  - 2 , - 1, 0 , 1, 2 . (2.23)
The commutation relation between these generators are:
[ L l p y  -i' ll/] =  — /i +  1̂ ) ,
[Lip, Q%v] = -\/6(l/x, 2u\2, fj. + u) <32M+„ ,
[Qi^QZv] =  3VTo(2/r, 2v \ l , n  + v ) L lii+u. (2.24)
where ( lim i,lvm 2 \hTnz) is the usual notation for a Clebsch Gordan coefficient.
10
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This choice of SU(3) generators, using the three components o f the  angular  momentum, makes 
clear that SO(3) is a subgroup of SU(3). A classification scheme for the  spatial p a rt of harmonic 
oscillation states is thus given by the group chain
SU (3) D 5 0 (3 ) D SO(2) , (2.25)
where SO(2) is the group of rotations around one axis that gives th e  m  projection quantum  number.
As is known from the solutions of the harmonic oscillator, for the  single particle case the allowed
angular momenta within the n -th  shell are given by:
I =  n, n  — 2 , . . .  1 or 0 (2.26)
reflecting the fact th a t all states within a fixed shell have the same parity  P  =  (—l ) n .
In the many particle case, where the SU(3) irrep (A, /x) is not restricted to  (n, 0), th e  to ta l angular 
momentum is given by a generalization of the rule above:
l = X + fi,X + fi — 2  lo rO  (2.27)
for k  =  0 and
I — k, fc +  l ,k  +  2, . . . ,A  +  /x — k  (2.28)
for k 0 where k  is given by
k  =  min(A, fi), min(A, n) — 2 , . . . ,  1 o r 0 . (2.29)
The quantum number k  reflects the fact that in this classification scheme multiple occurences of I
are possible within a certain SU(3) irrep (A,/x). This label also has a  physical interpretation that
will be discussed in a later section.
11
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Alternatively, a  multiplicity label k can be introduced to distinguish between multiple occurrences 
of an angular momentum 1. It runs from 0 to  Umax w ith the  value of i w  given by:
Umax — - <2'30)
Here [• • •] is the notation for the greatest integer function.
A harmonic oscillator eigenstate can thus be labeled by the two SU(3) quantum  numbers A, \x
plus the three additional sublabels I, mi  and k.
2.2.2 T he SU(3) D SU(2) x U{ 1) group chain
Another choice for SU(3) subgroups th a t is more natural from a  mathematical point of view is a
classification in terms of the group chain
S U (3) D SU(2) x U{ 1) , (2.31)
for which no extra multiplicity labels are needed. This classification scheme is usually choosen for 
applications in high energy physics, where the SU(3) appears as the group used to classify three 
quark systems or in context of the three “colors” that for the strong interaction are equivalent to 
the charge of the electromagentic interaction. This scheme can also be used to  derive an elegant 
expression for the Casimir operators in term s of the SU(3) labels A and (x which is the reason it is 
briefly discussed here.
Using the U(3) generators introduced in Eq. (2.10), the  SU(2) generators A* can be expressed by 
the subset of these operators, Axx, Axy, AyX and Ayy, th a t is, as shift operators in the x-y  plane:
Ao — 2 ^ ”  Ayy) (2.32)
A+ II 5 (2.33)
A_ II H (2.34)
12
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The commutation relations between these generators can be derived from the ones between the U(3) 
generators given in Eq. (2.11) and are:
[A+, A_] =  -A o , [Ao, A±j =  ±A± . (2.35)
These relations are equivalent to the ones of the three SO(3) generators, reflecting the  fact th a t these
two groups axe isomorphic. This suggests how to choose the SU(2) quantum numbers corresponding
to the SO(3) case. The eigenvalues of Aq that can be associated with the magnetic quantum  numbers 
are given by convention as v / 2  which leads to:
—2A < v < 2 A  (2.36)
for a fixed A. The SU(2) Casimir operator is A2 and defined analogously to  the angular momentum 
case as:
A2 =  Ao2 +  A+A_ +  A_A+ , (2.37)
with its eigenvalues given by:
(A2) =  A(A +  1) . (2.38)
The U (l) generator is simply:
Qo =  2A n -  A n  -  A33 , (2.39)
which commutes with SU(2) generators and has the eigenvalue e th a t can take the values
e =  2A +  /i, 2A +  /i — 3, —A — 2 /i. (2.40)
For a fixed c, the values possible for A are given as:
A =  i  |2A -  2/i -  e |, i  |2A -  2/x -  e| +  1, ■
13
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A state classified according to  the SU{3) D SU(2)  x [/(l)  group is thus given by an eigenvector, 
|(A,/i)e, A, v), that satisfies the following relations:
Qo l(A,/i)e, A, u) =  e|(A,/i)e, A, u) , (2.42)
A0 I (A, /i)e, A, u) =  , (2.43)
A2 |(A,/i)£, A, u) =  A(A 4- l)|(A,/x)e, A , v ) . (2.44)
To determine the eigenvalue of the Casimir operator Cz, the fact th a t it depends only on the values 
of the SU(3) quantum numbers A and n  can be used. Here it will be evaluated for the highest weight 
state | (A, fi)e— A, umax) for which the number of quanta are maximized first in the direction along 
the z-axis and then along the x-axis. For this state  the shift operators A zx, A zy and A^, give 0:
A Zx Vmax) — 0 , (2.45)
Azy |(A, (i)emaxi A, Vmax) — 0 , (2.46)
Axy I (A, /ijfm aii A, t'mox) =  0* (2-47)
For the highest weight state e has its maximum value, which implies:
(max =  2A +  (I,
v  =  n  (2.48)
To apply these relations, the Casimir operator given in Eq. (2.13) in terms of U(3) generators has
14
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to be rewritten in terms of SU(2) and U (l) generators as:
Ci  =  3 £  Aij A ji  + i  [<?o(Qo +  6) +  6Ao(Ao +  2 )] . (2.49)
«<j
Using the definitions given in Eqs. (2.42) and (2.43) it can now be shown that:
C l \ ( ^  lt)Cmaxy A, Umax) =
=  (A2 + H2 + A/X +  3(A + fi)) I (A, /i)Cmax> A-, Umax) - (2.50)
Thus the eigenvalue for C2 for any SU(3) irrep (A,/x) is given. In a  similar way it can be shown th a t 
the second SU(3) Casimir operator C3 solves the following eigenvalue equation:
C3 |(A, fl)fnuu 1 A, Umax) ~
=  i ( A - M)(A +  2/i +  3)(2A +  M +  3)|(A,M)em<« ,A ,i /mox) ,  (2.51)
which provides the  eigenvalues for the third order Casimir operator in term s of A and /x.
To conclude this section on some basic properties of SU(3), the Casimir operators C2 and C3 in 
the spherical representation will be given. These representations can be derived from the expression 
for the Casimir operators given in term s of the shift operators:
3 « ,  AT2
C2 =  j E V i i - y  (2-52)
i j
c 3 = Y L A ijAjkA kx- N 3 , (2.53)
i,j,k
and using relations (2.19) to (2.22) to  give:
C 2 =  i [ Q ° . Q a +  3L 2] (2 .54)
C3 = [Qa x Q a * ^ 1° -  \ J y [ l  x  Qa x  L]0 (2-55)
15
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In the following applications the  relation given in Eq. (2.54) th a t connects the Casimir operator Ci
of SU(3) with the scalar product Qa -Qa and the SO(3) Casimir L2 will be useful. These results
can be used to express the quadrupole-quadrupole interaction in terms of operators invariant under 
SU(3) and SO(3). The quadrupole-quadrupole interaction th a t describes the long-range part of the 
nuclear interaction is an im portant part of the shell model Hamiltonian and crucial for describing 
nuclei in the strongly deformed mid-shell region.
2.3 C lassification o f  m any particle w avefunction
An important feature of the SU(3) model is the  classification of many particle states using SU(3) 
quantum numbers. As will be shown later, th is choice of a symmetry adapted basis allows one 
to reduce dramatically the size of the configuration space and to use powerful group theoretical 
methods to evaluate matrix elements.
W ithout u tilizing any special symmetry features of the Hamiltonian, an apparent choice for the 
basis state  $  of a k-particle system with n-levels is the  product of single particle states fa:
Q = f a { l ) f a ( 2 ) . . . f a { k )  (2.56)
with the subscripts denoting any of the single particle levels { 1 ,2 ,... IV}. The to ta l total number of 
different product states that can be formed this way is N k.
If Uij denotes the elements of an ( N  x N)  unitary  matrix that transforms between one basis of 
single particle states fa (i — 1, 2 , . . .  N) and another equally valid basis fa',
N
fa'  = Y L u a f a  ' (2-57)
i= l
then the unitary transformation between different sets of many particle basis states constructed 
according to  Eq. (2.56) can be written as:
16
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$ ' =  £  UiVUi r  . . .  t v  ^.(1) M 2) - • • M k ) (2.58)
i’. r - p ’
A many particle state can thus be classified according to its transformation behavior under U(N),  
the group formed by the unitary matrices in N  dimensions.
The irreducible representations of the group U(N)  can be labeled by a  set of non-negative integers 
[/i f i  ■■■ In] (often abbreviated as [/]) such that f i  > f i  >  . . . / „ .
2.3.1 Y oung diagrams
As can be shown, the above classification scheme is equivalent to th e  one given by the symmetric 
group Sic th a t describes the behavior under particle permutation. A useful tool for classifying the 
reducible representations of Sk  are the so-called Young diagrams [30]. A fc-particle wave function is 
represented by k  squares th a t are arranged into s  rows in such a  way that the number of squares 
in row i is greater than or equal to the number in row i +  1. A Young diagram can thus also be 
specified by a  label [/] =  [fi f a . . .  f n\ where f i  denotes the number of squares in the  i-th row. A 
symmetric A:-particle state  corresponds to an one-rowed Young diagram. A totally antisymmetric 
state is labeled by an one-column diagram with k rows, [1*] =  [1 1; . . .  1]. Other more complicated 
shapes correspond to mixed symmetry types. One important restriction on Young diagrams used to 
label the symmetries of a group U(N ) is that the number of rows can not exceed N  since it is not 
possible to antisymmetrize more than N  particles in a basis of N  levels.
A Young diagram becomes a  Young tableau when particle labels are inserted into the squares. 
For this labeling the numbers in each row have to increase from left to  right and from top to  bottom. 
The dimension of a representation, that is the numbers of Young tableaux possible for a  specific 
Young diagram, is then given by
dim(5jk, \ f u h ,  • • • / ,] )  =  n , *■* I I  V* ~  h  +  ’  ~  <2‘59)II ,= i( f i  + s - i )  ^
with the totally symmetric and antisymmetric irreps having dimension one.
17
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The H im p n s in n  of a  U(N)  irrep corresponding to  a  certain Young diagram is different from the 
one for the symmetry group,
dim({/(iV), [ / i , / 2, .../* !)  =  f i  ( f i - i - f i + j )  (2.60)
l < i < j < N
The two dimension are related by the  sum rule
N k = ] T  dim(U(N),  [f}a ) • dim (Sk, [/)Q) (2.61)
a
where the sum extends over all possible Young diagrams and N k is the dimension of the basis of 
product states th a t was given in Eq. (2.56).
2.3.2 Coupling o f Young diagrams
Young diagrams provide a framework to describe the  coupling of two SU(3) representations. This 
problem is similar to  the coupling of two angular momenta li and ^  • In this case the possible values 
for the total angular momentum are given by the different ways to add the vectors l\ and I2 where 
the maximum total angular momentum given by li + I2 and the minimum is given by \li — 121- The
corresponding rules for the coupling o f two Young diagrams have been derived by Littlewood [30]
and can be summarized as:
1. Compose the Young diagrams for the two representations.
2. In the second diagram mark all the boxes in the  first row with “a” , the ones in the second one 
with “b” etc.
3. Add all the boxes marked with an “a” to  the first diagram with the restrictions th a t
(a) there are never more than  two or more boxes marked with “a” in the same column
(b) the diagram stays regular, i. e. no row contains less elements than  the row beneath.
4. Follow the same procedure for th e  boxes marked with “b” with the  additional restrictions that
18
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(a) reading from right to  left the number of boxes marked w ith “b” doesn’t  become larger 
than  the  ones marked with “a”
(b) Diagrams with more than  N  rows are prohibited for an  U (N )  symmetry.
5. Repeat Step 4. for all additional rows of the second factor.
Following these rule, the tensor product U[N)  ® C/(iV) can be constructed from the  factor Young 
diagrams.
As an example, the different possible couplings of two irreps corresponding to a  single particle 
in the third shell will be given. This is equivalent to finding the different SU(3) irreps th a t can be 
constructed from two (3,0) SU(3) irreps. Using the procedure given above, the first step requires 
the construction of the corresponding Young diagrams that are sim ply given by three boxes in a 
row. This simple structure allows one to then contract the irreps as given in Steps 2. and 3. with 
the resulting diagram  giving the  to tal SU(3) irreps (6 , 0 ), (4 ,1), (2 , 2 ) and (0,3).
This example can be generalized for the tensor product of two identical SU(3) irreps (n, 0):
n
( n ,0 ) ® (n ,0) =  (2n  — 2m , m ) , (2.62)
m = 0
where the quantum  number m has been introduced to describe th e  construction rules given by the 
Littlewood rules.
In general the  SU(3) components have quantum numbers (A, fi) which are both different from zero 
so that the corresponding Young diagrams consist of two rows. T he so-called leading representation 
th a t can be formed from two SU(3) irreps is equivalent to  the  “stretched” coupling of two
angular momenta li and 12 to  a  maximum value. It is given by the  sum of the SU(3) quantum 
numbers:
(A i.jti) ® (A2,M2) -*• (A,m) =  (Ai +  A2, /n  +  Pi) ■ (2.63)
The corresponding Young diagram has Ai +  A2 +  +  /x2 boxes in  the  first row and fi\ +  /i2 in
the second one. O ther allowed representation can be derived from this Young diagram by moving
19
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a  number of boxes from the first row to  row number two and three. If  m  is the number of boxes 
moved from the first row and i the number of boxes added to the second row, then the resulting 
Young diagram has the following shape:
Row 1: \ i  + X2 + Hi + H2 ~  m  boxes ,
Row 2: Hi + H2 +  * boxes ,
Row 3: m — i boxes .
which is equivalent to the representation
(A, h) =  (Ai +  A2 -  m -  i, hi  +  M2 +  2i — m ) . (2.64)
Moving an additional number of k  boxes from the second row to the th ird  row the Young diagram
becomes:
Row 1: Ai +- A2 +■ Hi + 1*2 — tn boxes ,
Row 2: hi +■ A*2 +  (* — k) boxes ,
Row 3: m — (i — k) boxes .
Every (A,/^-configuration that is constructed from the initial configurations ( \ i , h i )  and (A2 , H2) 
can thus be written as:
(A, h) =  (Ai +  A2 -  m  -  (i -  k), h i  +  H2 +  2(x — k) -  m)  , (2.65)
where the quantum numbers x and k  only appear as the difference i — k. The tensor product is
therefore given by
(X,H) =  (Ai,/xi) ® (A2,H2)
=  ^  (Ai +  A2 -  m  -  (x -  k), H1 +H2 + 2(x -  k) — m ) ,  (2.66)
m ,i,k
20
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with the limits for the summation over (m, i, k) restricted according to  the Littlewood rules by
i  > 0  , m  — i < / i i  , m  + k - 2i <  fii ,
k  > 0 , m  — i < A2 , i < Ai , (2.67)
m  > i , m  — k < A2 , k  < H2 ■
Since only the  difference i — k  enters in the above expression, a  new parameter
I = m  — i = k  (2 .68)
can be introduced so that Eq. (2 .66) can be rewritten in aform that is symmetric in th e  labels I and
m:
(A, n)  =  (Ai 4- A2 — 2m ■+■1, fi\ -+-1*2 — 2/ 4- m ) . (2.69)
This new set of parameters (m , I, k) is restricted by the following set of inequalities:
fc> 0  , k > I — Hi , k < I ,
k > I — m  , k  >1 — \ 2 , k < Xi + 1 — m  , (2.70)
k > m  — A2 , k  > 21 — m  — Hi > k < H2
In this notation the param eter k  does not appear in the different term s of the tensor product but 
still remains a  summation index restricted by the SU(3) quantum numbers Ai, A2 Hi> V-i &ud the 
other summation indices I and m. This reflects the fact that a particular SU(3) irrep (A, h) may 
appear multiple times in the tensor product of (Ai, Hi) and (A2) H2) and a multiplicity index p has 
to be introduced to distinguish multiple occurrences of a  (A, h)- This is an important difference from 
the coupling of vectors where the  coupling is unique.
21
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2.3.3 Further classification o f sta tes
More specifically, we are interested in classifying a  k  particle fermion sta te  in a  2Q dimensional 
space, where Cl =  (n +  l)(n  +  2)/2 is the spatial dimension of the n-nth  oscillator shell and the 
factor 2 reflects the dimension of the spin space for a  spin j  particle. Because of the Pauli principle 
the k-particle state must transform as to tally  antisymmetric [lfc] irrep of U(2Cl) which uniquely 
determines the SU(3) irrep for the many particle wavefunction.
To classify the state with additional quantum  numbers, a  relevant subgroup of U(N) has to  be 
selected. The unitary groups admit a great variety of subgroups with the natural chain of subgroups 
being:
U(N) D U ( N  -  1) D . . .  D 17(1) - (2.71)
In this case a set of N  quantum  numbers, [hr f ihw  • • • fljv/v]» Is necessary to  classify the U(N) irrep 
followed by a set of N  — 1 quantum  numbers for the  U(N-l) irrep and the sets for the other unitary 
groups. Following this scheme a state in the  U(3) case, for example, can be expressed in term s of 
the elegant Gel’fand-Zetlin notation [53] by:
/l!3 /l23 ^33 \
h.12 h.22 )  • (2.72)
h n  /
For specific application however, it is sometimes more convenient to choose a  different chain 
of subgroups. In the case of the nuclear wavefunction it is natural to  separate the wavefunction 
into a  spatial and spin part. The wavefunction is thus classified according to  the group chain 
U(2Cl) D U(Cl) ® U{2) and as can be shown [89], the wavefunctions for the space and spin part 
have to  be labeled by so called conjugate Young patterns since the to ta l wavefunction has to  be 
antisymmetric. This means th a t the corresponding Young diagrams -  [/] for U(Cl) and [ /c] for U(2) 
-  are related to  one another by row-column interchange where the patterns can be determined from 
another by reflecting across a  downward sloping 45° diagonal through the first Young diagram.
22
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Table 2.2: Group chain for k  fermions in the n-th oscillator shell.
C /(2fi) D  U (S l)  0  U { 2 )  D  S U ( 3 )  0  S U ( 2) D S O ( 3 ) 0  S U ( 2)
[ l fc] [ /] , I T ]  «  (A,/»), 5  k  L , 5
As was discussed earlier, the maximum numbers of rows for a Young diagram representing a 
U(2) irrep is two which restricts the number of columns for the conjugate U(Q) diagram to the 
sam e number. In the  same way a  restriction is given by the dimension 0. of the  spatial p a rt of the 
wavefunction. The number of boxes in the first and second row, f f  and / | ,  of the U(2) irrep is thus 
given by the spin and particle number k  -  which determines the total number of boxes -  as:
f t  =  \  + S  (2.73)
/ I  =  | - 5 .  (2.74)
To make use of the  SU(3) symmetry of Hamiltonian, the spatial part o f the wavefunction will 
be classified according to  the group chain U(N)  D SU(3), assigning the SU(3) quantum numbers 
(A ,^). In this classification scheme, which is motivated by the underlying physics and does not 
follow the mathematically natural chain of subgroups, a  multiplicity label a  has to be introduced 
th a t distinguishes between multiple occurrences of a  SU(3) irrep (A,p)  in a  U(N) irrep [/].
For a  further classification of th e  spatial part, the SU{3) D 50(3) subchain that was discussed
earlier (2.1) will be used (see Table 2.2), so that the many particle wavefunction [0) can be written
as:
l-W. [ /] ,a,  (A,h) , k, L, M l , S, M s ) . (2.75)
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2.3.4 P roton-N eutron system s
So far the many particle wavefuction discussed does not account for the fact tha t the  nucleus is 
a  proton-neutron system. This can be done by introducing the isospin degree of freedom where 
protons and neutrons are interpreted as different states of an isospin 1/2 doublet. W ith spin, isospin 
and spatial degrees of freedom the to tal number of states within an oscillator shell is 4fi with a 
factor two coming from the isospin part. As before fi =  (n +  l)(rH -2)/2  gives the spatial dimension 
of the n-th  oscillator shell.
The fc-particle wavefunction has to  transform like the  totally antisymmetric representation [/*] =  
[1]* of U(4fi). For a  further classification of the states it is natural to  separate the spin and isopsin 
degrees of freedom, using the group chain £f(4fi) D U(fi) ® 1/(4) The spin-isospin part can then be 
classified according to its spin and isospin parts and the  spatial part using the U(N)  D S U (3) group 
ch a in  as discussed in the previous section.
This classification procedure with an isospin quantum  number, however, is not used for heavy 
nuclei (A  > 150) where protons and neutrons occupy different shells. Instead, the totally antisym­
metric wavefunctions for protons, |7 r ) ,  and neutrons, \v), will be be coupled to a total wavefunction. 
17r, u) =  |7r) ® \u). The coupling of these two system is possible on different levels. For example
[ l^ir» [/*]> Qir, (A*-, Ahr), ^ ir, L*, [/£], J*) ®
IN v, [/„], a „ , (A„, /x„), k„, L v, [/=], 5„; Jv) }J M (2.76)
in an SU(3) uncoupled (Jx-Ju coupled) scheme or
[ (Ajr,/i»), ) ®
](p(AM)«i,(S.S„)SiyAf (277)
in an SU(3) coupled scheme.
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Figure 2.1: SU(3) coupling scheme for proton-neutron system.
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C hapter 3
The SU (3) shell m odel
Having introduced basic SU(3) properties and a classification scheme for many particle states, 
the SU(3) shell model Hamiltonian will be discussed in this chapter.
As will be shown later in this chapter, a  geometric interpretation of SU(3) eigenstates in term s 
of deformation param eters can be derived using the relation between the symmetry group o f the  
triaxial rotor and SU(3). In a similar way, a correspondence between operators expressed in term s 
of SU(3) generators and the Hamiltonian of the triaxial rotor can be obtained. This allows us to  
introduce a  SU(3) Hamiltonian tha t can be understood in terms of a  collective picture.
Due to the underlying many particle nature of the theory, single particle and many particle term s 
th a t do not have a collective counterpart can be included in a  SU(3) Hamiltonian. In particular, 
the addition of the  pairing and spin-orbit interactions are im portant steps towards a more realistic 
nuclear Hamiltonian [7 , 8 ,  4 6 ]. A  f o r m a l i s m  to evaluate these expressions in the framework of the  
SU(3) model will be introduced later in this chapter.
3.1 C ollective vs. single particle shell m odel
In contrast w ith the case of atomic physics where electrons are moving in the strong coulomb 
potential generated by protons in the nucleus, it is not obvious th a t a mean field is also a  good 
approximation for the averaged nuclear interaction acting on protons and neutrons inside the nucleus.
An experimental indication tha t a  mean field approach is also valid for nuclear physics, lies in 
the  shell closures a t the so called magic numbers ( 2 ,  8 ,  2 0 ,  2 8 ,  4 0 ,  5 0 ,  8 2  and 1 2 6 ) .  These shell
2 6
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closures are characterized among other effects by a  vanishing quadra pole moment th a t corresponds 
to  a  spherical charge distribution and relatively large binding energies. Also, if an additional nucleon 
is added to a  closed proton or neutron shell the binding energy of th is ex tra  nucleon is small, similar 
to  the situation for alkali metals with a  loosely bound single electron outside a hill shell.
Motivated by these experimental results, the early version of th e  shell model was developed 
independently by Goepert Mayer [55, 56, 57] and Haxel, Jensen and Suess [62] in the late forties. 
To reproduce the magic numbers, a residual spin-orbit interaction, 1 - s, that lowers the  states with 
maximum j, had to  be added to  a  harmonic oscillator potential. Thus, unlike atomic physics, shell 
closure in nuclei a t the correct particle numbers can not be achieved by a  mean field alone. W ith an 
additional l2 term  to  make the oscillator potential similar to the more realistic square-well potential, 
a  basic shell model Hamiltonian has the form:
H  =  Hoac +  cl • s  +  dl2 . (3.1)
Besides reproducing the magic numbers, this model also allows one to  predict successfully the ground 
state  spin of odd nuclei if the pairing hypothesis is added, th a t is, pairs of nucleons sure assumed to 
couple to zero to ta l angular momentum. Building a  nucleus by filling nucleons into single particle 
levels, the ground state spin is then determined by the last unpaired nucleon. Another single 
particle feature that can be described is the magnetic moment of odd-even nuclei which is also 
mainly determined by the unpaired valence nucleon.
On the other hand, the single particle picture is not able to  account for the observed collective 
phenomena in nuclei, particularly enhanced E2 transition rates between members of identical bands. 
This failure of the simplest shell model scheme also spurred the development of the complementary 
collective model by Bohr and Mottelson [19] which describes nuclei in terms of shape variables rather 
than microscopic degrees of freedom.
In the collective model, the nucleus is pictured as a  continuous object with vibrational and ro­
tational degrees of freedom th a t can acquire a  deformed equilibrium shape. For deviations from
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sphericity that are small the nuclear surface is parameterized using an expansion in  spherical har­
monics:
oo X
R {6 ,0 ) =  Rc[l + 0) Ro =  1.2fmA1/ 3 (3.2)
A=0 (i=-A
where the Erst non-zero terms in this expansion are the ones for A =  2. The term  A =  0 (monopole 
term) corresponds to  a  volume change that is only expected to play a role a t much higher energies (so 
called breathing modes a t 40-50 MeV) because nuclear matter seems to be relatively incompressible. 
The term with A =  1 corresponds to a translation of the total nucleus and is therefore neglected. 
In first order the shape is thus defined by the five quadrupole moments U2\ ,  three of which are 
independent since a l M =  (—1 for a real Rq. The Hamiltonian of the nuclear system is then 
constructed from these parameters and their tim e derivatives or conjugate momenta.
This model provides an intuitive picture and for many nuclei can reproduce the basic collective 
rotational and vibrational features it was constructed for. On the  other hand, other nuclear features 
related to the underlying single particle structure of the nucleus lie outside the framework of this 
model.
3.2 B asic features o f the S U (3) m odel
A theory that is able to describe collective phenomena and treats a  nuclear system as a many 
particle fermionic system was developed by Elliott in the late fifties [39, 40, 41, 42]. The Elliott 
or SU(3) shell model uses the three dimensional isotropic oscillator as an approximation for the  
nuclear mean field and makes use of the associated symmetry group SU(3) for the  classification of 
the many particle states and the construction of the Hamiltonian. A key feature of the SU(3) model 
that is also discussed in this section is its relation to the rotor picture. This allows for a  geometric 
interpretation of the SU(3) eigenstates thus bridging the gap between collective theories and theories 
that include single particle aspects.
The price one has to pay for the microscopic description with fermion degrees of freedom, however, 
are the large dimensionalities of the many particle configuration space A basic assumption used th a t
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greatly reduces the size o f the  model space, is that only particles in an open so-called valence shell 
have to  be considered for the  many particle wave function. The completely filled shells are treated as 
an inert spherical core with no direct effect on the nuclear properties, thus allowing one to  truncate 
significantly the configuration space.
But even the configuration space restricted to one oscillator shell tj for which n  =  (77+ l) ( r /+ 2) /2 
levels are available, remains large with a  binomial growth of the dimension that for m  fermions in n 
levels is approximately given by n m. For many realistic applications th is growth prohibits or severely 
slows down calculations even on today’s computers.
An elegant solution for th is dilemma is provided by group theoretical methods th a t make use 
of symmetry properties of the  Hamiltonian. A crucial ingredient is the  construction of a  realistic 
nuclear Hamiltonian using the  generators of a specific group. For a  symmetry adapted basis no 
mixing between the basis vectors belonging to  a fixed group irrep occurs if the Hamiltonian describes 
a system with exact or dynamical symmetry. A relevant subspace can then be selected which can 
lead to a drastic reduction of the configuration space.
For the Elliot model this is done by introducing a  nuclear Hamiltonian with SU(3) symmetry, the 
symmetry group of the unitary  transformations in an oscillator shell. As is already known horn the 
single particle shell model, the  harmonic oscillator can be used as an approximation for the nuclear 
mean field of a realistic Hamiltonian. However, additional terms are necessary th a t have to conserve 
the SU(3) symmetry.
A key feature of the SU(3) Hamiltonian introduced by Elliott is the use of the  “algebraic” 
quadrupole operator
+  b2p2sY2ti{p,)) (b = y/hjrrm) (3.3)
in place of the usual “collective” quadrupole operator,
Q%» =  y i W 5 j ! r 2<1( r , ) . (3.4)
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
As can be shown [43], the long range part of the  nucleon-nucleon interaction is given by the 
quadrupole-quadrupole interaction and it is an im portant part of a  realistic nuclear Hamiltonian. For 
the  description of the  well-deformed nuclei away from the magic numbers th e  quadruople-quadrupole 
term  is essential.
W ithin a major oscillator shell the  m atrix elements of Qc and Qa are identical, but since Qc 
couples states belonging to  the 77- th  shell with those of the T^-th shell th a t  differs by two quanta, 
t}'=t)±2, it introduces a mixing between these shells. For small and medium deformations however, 
the  effect of both operators is comparable.
The advantage of using the algebraic quadrupole operator instead of the  collective quadrupole 
operator lies in the fact th a t its five components together with the three components of the angular 
momentum are generators of SU(3), as was discussed in the previous chapter.
The rotationally invariant quadrupole-quadrupole operator Qa Qa is thus diagonal in a  SU(3) 
basis with its eigenvalues Eqq given by
where L is the angular momentum and C2 is the second degree Casimir operator of SU(3). As was 
shown earlier (2.54), the expectation value of C2 is given by:
E qq =  4C2 -  3L ( L  + 1) , (3.5)
((A,/i)|C2 |(A ,/i»  =  (A 4- /x)(A +  fi +  3) -  Xfi. (3.6)
The l2 dependence of the Qa ■ Qa eigenvalue allows to reproduce a  rotational spectrum with a
SU(3) conserving Hamiltonian th a t is constructed using the harmonic oscillator potential plus the
quadrupole-quadrupole interaction:
H s u w  =  Hoac -  | Q “Qa , (3.7)
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Thus, the simplest version of the SU(3) model Hamiltonian is able to  describe a  collective feature 
th a t is not included in the single particle model.
Another important collective feature th a t can be successfully described using the  simplest version 
of the SU(3) Hamiltonian are the enhanced E2 transitions between members of identical bands.
As was mentioned earlier, the large dimensionality of the configuration space for many particle 
wavefunctions makes an effective truncation scheme essential for practical applications. A natural 
choice for this truncation scheme is given by the structure of the Qa -Qa eigenvalue. Because of its 
Ci  dependence, the rotational band with lowest energy can be associated w ith the SU(3) irrep th a t 
has the largest C2 value possible for a given particle configuration. This so called leading irrep w ith 
a  few additional SU(3) irreps that come next in an ordering scheme according to  the  value of C2 are 
sufficient to describe the low-energy spectrum  of a well-deformed nucleus. This simple truncation 
scheme yields a dramatic reduction of the  configuration space.
How the SU(3) states can be interpreted in terms of their deformation, thus providing a geometric 
picture for this truncation scheme, is discussed in the following section.
3.3 T he rotor and SU (3)
An additional important property of the SU(3) model is its relation to  the  ro tor model. Since 
the simple SU(3) Hamiltonian (3.7) w ith quadrupole-qadrupole interaction is able to reproduce a  
rotational spectrum where the ground sta te  band is given by a  unique SU(3) irrep, such a relation 
can already be anticipated from the results given so far. This relation then allows an interpretation 
of SU(3) irreps in terms of the shape variables /? and 7  th a t are commonly used as a measure for 
the axial and triaxial deformation thus bridging the gap between a microscopic and a macroscopic 
description of nuclei [78, 24]. This mapping between shape variables and  SU(3) irreps will be 
discussed after a short introduction to some basic properties of the quantum  rotor that are needed 
later.
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3.3.1 T he quantum rotor
The triaxial quantum rotor has been one of the first applications of quantum  mechanics in the late 
20s and 30s [75, 23] and its Hamiltonian has the form
Hrot =  A XI 2 +  A yI 2 +  A ZPZ , (3.8)
where the Ia (a = x , y  and z) are the projections of the total angular momentum on the a - th  body 
fixed symmetry axis and A a are the corresponding inertia parameters. These inertia parameters are 
labeled according to the usual convention Ay < A x < A z .
The eigenvalues Er of Hrot are given by
Er  =  \ ( A V +  A Z)I{ I  +  1) +  ± (A ,  -  ^ ) £ r ( « )  . (3-9)
where £t (k ) is a function th a t has been evaluated numerically by a number of authors. It depends on 
the label r  tha t is introduced to  distinguish between multiple occurrences of I  and on the asymmetry 
parameter k which is defined as
k =  (2AX — Ay — A Z) /{AZ — A y) . (3.10)
For the cases of a axial symmetry with k =  — 1 (prolate, Ay — Ax < A z) or k =  +1 (oblate,
Ay < A x =  A z) the Hamiltonian is diagonal with eigenvalues
Esym = A y I ( I  + l) + (Az - A y ) K 2 K = - l
Esym =  A zI ( I  + l) + (Az - A x ) K 2 K =  + l  (3.11)
where K  is the eigenvalue of the projection of the angular momentum on the  intrinsic z  axis. In the
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limiting cases of a  prolate or oblate top, the spectrum thus shows a ro tational band with 1 (1  +  1) 
spacing for each value of K.
A convenient choice for the eigenfunction in the axial symmetric case is
=  \ j + • <3 1 2 >
Here D lMK(Q) denotes a  D function [87] and the Euler angles £2 specify the  orientation of the  lab 
frame with respect to  the body-fixed coordinate system of the rotor.
In the  general case of a  triaxial deformation, K  does not remain a good quantum  number and 
the eigenfunctions are a  superposition of the symmetric solutions
^  =  . (3-13) 
K
where the coefficients have to  be determined numerically and the prim e indicates the sum m a­
tion is over odd or even K  only.
The quantum numbers A and n  that appear in the phase factor in th e  symmetric solution, 
^iyrn.KM'  reflect a special symmetry of the quantum rotor. The four different combinations of even 
and odd values for A and n  distinguish states that transform different under 7r rotations about a  
principle axis. This is a  special symmetry property of Hrot since the three corresponding rotation 
operators around the  principal axes,
Ta =  exp(—tir/Q), a  =  1 ,2 ,3  (3-14)
leave the rotor Hamiltonian invariant,
[HroU Ta\ = 0 . (3.15)
Together with the  identity, 1, the rotation operators Ta form the so called Vierergruppe, £>2 , 
that allows one to order rotor eigenstates into four different subgroups, A  and  £ 1- 3- Each of these 
subgroups is defined by the transformation behavior of the eigenstates under the  Ta (see Table 3.3.1)
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Table 3.1: Irreducible representations of Vierergruppe D2.
Symmetry Transformation Index Dimension
Type 1 Ti T2 Tz A fi /(even) /(odd)
A 1 1 1 1 e e ( /  +  2 ) / 2  ( /  — l ) / 2
Bi 1 1 - 1 - 1 e o 1 12  ( / +  l ) / 2
b 2 1 - 1  1 - 1 o o / /  2 ( /  + 1) /2
b 3 1 - 1 - 1  1 o e / / 2  ( /  + 1 )/2
th a t can be derived from the properties of the  Wigner D functions:
T i D b j c i p )  =  ( - 1  )I+K D ^ _ K (Q) , (3.16)
T2 D & K (n)  =  ( - 1 V - *  D{i '_K ( 0 ) , (3.17)
T3 D ^ k (Q) = ( - 1  )K D ^ k {Q).  (3.18)
As a consequence, the Hamiltonian matrix can also be written in a  block diagonal form.
3.3.2 S U (3) and T5 A SO(3)
To find a correspondence between the physics described by a  quantum  rotor and the SU(3) model, 
the relationship between their corresponding algebras can be used.
The rotor algebra T$ A 5 0 (3 )  is generated by the five moments of the collective quadrupole
operator (Eq. (3.4)) which coincide with the moments of the corresponding inertia tensor and three
components of the angular momentum. The commutation relation between these generators of the 
semi-direct product of Ts and SO(3) are
[Lm,L„ 1 = ->/2(l/i, lt/\lfi 4- u) Lp+U,
[L„,Ql\ = - V G ( l n , 2v\2n  + u ) Q l +„, (3.19)
[Q^Qt] = 0 , (3.20)
reflecting the  structure of the semi-direct product group with two sets of generators, each separately
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closed under commutation ([Ts,T5] —► T5, [50(3), SO(3)] —► 50(3)) but w ith the commutator of
an element of one group with an element of the other yielding an element of only one of the  sets
([Ts, 50(3)1 — r 5).
These commutator relations are similar to  the ones between the algebraic quadrupole operator, 
and the angular momentum, L, th a t are generators of SU(3):
[L»,Ql\ =  - y / 6 ( ln ,2u\2^  + iy)Q%+u, (3.21)
[Ql,Ql] = 3 \/l0(2/i, +  v)L it+tfi i
where only the last commutation relation for the quadrupole operators are different, giving zero in 
the rotor case and non-zero in the SU(3) case.
When L is small compared to y/Ci  the  SU(3) algebra contracts to the Ts A 5 0 (3 ) algebra, which 
can be seen by rescaling Qa as Qa/y/Ci-  The rescaling leaves the first two commutation relations 
unchanged but implies [Q“ ,Q “] ss 0 for C2 »  L in the SU(3) case. This is equivalent to  the 
statem ent that the SU(3) model describes rotational states very well as long as
L <& max[(2A +  /r), (A -I- 2/x)] . (3.22)
This is related to the fact that SU(3) is a  compact algebra with a maximum value for the angular
momentum, L, whereas the rotor algebra is non-compact with unbound L.
Since both the rotor and SU(3) theory are describing the same physical phenomena -  e. g. a
rotational spectrum -  and their algebras are closely related it is natural to  require a  correspondence 
between the invariants of both groups.
Because SU(3) is a rank two group it has two invariants C j and C3 th a t can be expressed by the 
SU(3) labels (A,(m) as:
C2 =  (A +  /x)(A + n + 3) — \ f i  and 
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C% =  —(A — /x)(A +  2f t  4- 3)(2A +  f t  +  3) . (3.23)
The symmetry group of the rotor, T5 A 50(3), also has two invariants, the  traces of the square 
and cube of the collective quadrupole matrix:
Tr[(Qcf )  =  A? +  A| +  A§ and
Tr[{Qc)z\ = At A2 A3 . (3.24)
Here the Aa are the  expectation values of the quadrupole matrix in its body-fixed principal axis 
frame (Q%g = AQ<JQ/9) that can be parameterized by th e  shape variables (/3,7 ) as:
_  [5  Ar$ 
Y t t  3
cos(7  — 27tq/3) a  =  1,2,3 (3.25)
where A  denotes the number of nucleons and tq the root-mean-square radius.
Requiring a  correspondence between the invariants of the two groups, i. e. C2 ~  T r[(Q c)2] and 
C3 ~  Tr[(Qc)3], leads to the following relation between the SU(3) labels (A, fi) and the A*:
Ai =  “ (A -  n)
A2 =  - i ( A  +  2ji +  3) (3.26)
o
A3 =  g(2A +  /* +  3)
Using Eq. (3.25) this set of equations can be rewritten into a relation between the shape variables 
(5 , 7 ) and the SU(3) irreps (A, fi):
^2 =  T ( ^ (A2 +  A/i +  /*2 +  3(A +  /i +  1)) (3.27)
CaQ7 »  (3.28)
' 2A +  y. -t- 3 K '
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Alternatively, this relation can be interpreted as a  mapping between labels (A,pi) and spherical 
coordinates ( k p , 7 ) <-*■ (r, 7 )
k p  cos(7 ) =  kpx =  (2A + pi + 3 )/3  (3.29)
kPsm(~f) = kPy = (pi + l ) / \ /3  (3.30)
where the  abbreviation Ar =  ^ A / 9 ttA tq has been used.
According to this scheme, each irrep (A, pi) corresponds to an unique shape parameterized by 
(/?, 7 ). For example, Eq. (3.28) implies that for pi =  0 the deformation parameter 7  is close to zero. 
A SU(3) irrep with pi =  0 thus corresponds to a prolate -  cigar-like -  shape. For the  case X = pi the 
SU(3) irrep describes an particle distribution with maximum triaxiality, 7  =  30° A SU(3) irrep with 
A =  0 corresponds to an oblate -  pancake-like -  shape with 7  =  60°.
W hereas every SU(3) irrep (A, pi) can be mapped onto a particular shape (/?, 7 ), the reverse 
mapping is not possible for every set (P, 7) . In sharp contrast w ith the collective model where P 
and 7  can vary continuously, the group structure U(Cl) D 517(3) dictates a limited set of allowed (A,
pi) values depending on the number of particles in a  shell. This reflects the fermionic nature of the
nucleons, a  feature that is not included in the collective model.
3.4 K^-Band sp littin g  in th e S U (3) m od el
Since the  quadrupole-quadrupole term, QaQa = ACi — 3L 2, term  can not distinguish between 
multiple occurrences of L  in a  SU(3) irrep (A, pi), the simple SU(3) Hamiltonian w ith a harmonic 
oscillator potential plus quadrupole-quadrupole interaction given in Eq. (3.7) has an energy spectrum 
with only one rotational band for each irrep.
The experimental results for most deformed even-even nuclei [24, 91] however, show different 
types o f rotational bands: The ground state band starts  with a  0+ state  and contains only even 
angular momenta (resulting in a sequence 0+ ,2+ ,4 + .. .) .  A so-called K-band has a  2+ state as
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its band head and the angular momentum increases in steps of AL =  1 (resulting in a  sequence 
2+ ,3+ . . .  with a  L(L+1) spacing)
As was mentioned earlier, a K-band appears naturally within the framework of the  rotor model 
where the operator K 2 =  ( I3 is the projection of the  total angular momentum on  the third
body-fixed axis) generates K-bands th a t are shifted in energy relative to  the 0+ ground sta te  band, 
have a  2+ sta te  as band head, and an increase in angular momentum in steps of one, AL  =  1 , is 
experimentally observed.
To derive the SU(3) model equivalent of the AT2 operator which is necessary for a  realistic 
description of the rotational structure, the relation between the SU(3) algebra and the ro tor algebra 
is used again. Ideally, in addition to being a rotational invariant such a  SU(3) model equivalent of 
K 2 should conserve the SU(3) symmetry of the system. This can be achieved by employing a special 
m in im al set of SO(3) scalars the so-called SU(3) —* SO(3) integrity basis, which has been shown [74] 
to contain five operators th a t give rise to real symmetric matrix forms. They can be chosen to be 
the Casimir invariants L 2, C2 and C3, and two non-SU(3) invariant SO(3) scalars labeled X f and 
X “, which are of degree three and four, receptively, in the  SU(3) generators:
* 3° =
X? =  Y ,  ■ (3.31)
i,j,k
Since only the operators X $  and X% are able to couple and mix multiple occurrences of a  given 
SO(3) irrep in SU(3), they have to be part of a SU(3) Hamiltonian th a t is able to reproduce a  more 
complex rotational spectrum. In the most general case, this Hamiltonian has the form
•^Tst/(3) =  a i^ 2  +  CL2C2 +  03A2 +  04X 3 +  05X 4 . (3.32)
In order to  extract the shell-model equivalent of the  K 2 operator from this Hamilonian, the 
collective version of the three terms in Hsu(z) with an  angular momentum dependence have been
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rewritten, replacing the algebraic quadrupole operator with its collective counterpart th a t  is diagonal 
in the body-fixed principle axis frame: (Qap — Aa 5ag):
L 2 -  LiLi  ~  $
i i
X I  =  Y , L& en Li = Y l
«.J »
X'< = Y , L iQ'j Q * L k  = J ^ A 2/ 2 (3-33)
l,J ,k  «
As before, the  notation I  and L  is used for the angular momentum in the body-fixed and lab-frame
respectively. This set of equations can be inverted [91] to yield the following expression for the I f
in terms of L 2 and X c’s:
I f  = [(AxA2A2)L2 +  (A?)Xf +  (AJ X f t / D i  , A  =  2A? +  AxA2A3 . (3.34)
Substituting these expressions into the Hamiltonian for an asymmetric Rotor,
Hrct =  A xl l  +  A yI 2 +  A ZI \  , (3.35)
gives a frame independent expression for Hrot
Hrot =  a L 2 +  bX§ + cX% (3.36)
where the param eters a, 6 and c are given as
a = ^T^Ai.A2A zAifDi
i
b = J > t2A i/A
i
c =  A i A i / D i .  (3.37)
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To derive a  SU(3) shell model image of K 2 — 1$ from this Hamiltonian, the operators X f and X% 
that couple shells differing by two quanta have to  be changed back to  their algebraic counterparts 
that were introduced in Eq. (3.31). As was shown by Leschber [78], this substitution does indeed 
yield a shell model Hamiltonian tha t is able to  reproduce the ro tor results and observed rotational 
phenomena in nuclei. The algebraic equivalent of H rot in Eq. (3.36) for the special case A \  = A i  =  0 
and A3 =  1 is thus a natural definition for a shell model operator K 2
Because of the  correspondence between the invariants of the rotor group T5 A 5 0 (3 )  and SU(3) the 
parameters A* are given as a  function of the SU(3) labels A and n  as:
so that K 2 can be determined for a given SU(3) eigenfunction |(A,/i)).
Since the  517(3) irreps are related to the shape of nuclear distribution, this can be seen as a  
generalization of the rotor Hamiltonian given in Eq. (3.11) where the coefficients are determined by 
the moments of intertia.
Like in th e  case of rotational spectra generated by the quadrupole-quadrupole operator, the 
correspondence between the K  operator in the  SU(3) and rotor picture is best for small values of 
L. This reflects the fact th a t SU(3) is a  compact group with finite-dimensional irreps, while the 
symmetry group of the rotor is non-compact with infinite-dimensional representations.
3.5 Shell-m odel operator for iO -band sp litting
For the description of odd-A nuclei where the spin degree of freedom has to be taken into account, 
a generalization of the shell model operator, (3.38), that generates the K i  band splitting in even-A 
nuclei with to ta l spin S =  0 has to  be introduced. This operator has to be able to  reproduce the
K 2 =  (AiA2L 2 +  X3X 3 +  ATJ)/(2A| +  A ^ a ) . (3.38)
Ai =  - - ( A  —m) A2 =  — -(A  -I- 2fi 4- 3) A3 =  -(2A  +  /1 +  3) , (3.39)
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observed K j  band splitting in the spectra of odd-A nuclei, where K j  =  K c  +  K s  is the  projection 
of the to ta l angular momentum, J =  L +  S, on the principal sym m etry axis of the system. This 
K j  operator is also the appropriate form for S /  0  states in even-A nuclei and has to  reduce to the 
previous defined algebraic equivalent of K \  for S =  0.
The simplest starting point is the Hamiltonian of a  generalized triaxial rotor,
3
Hrot =  ^ A / / f ,  (3.40)
i=i
where I is now the to ta l angular momentum that can be either half-integral or integral. Analogous 
to the S =  0 case, this Hamiltonian can be rewritten in a frame-independent representation by 
introducing the three rotational scalars in the Is-coupled space
i i
«
( 3 -4 1 )
t , j , k  i
Like in the  S =  0 case, Eq. (3.41) can be solved for the /j’s to ob tain  a  frame-independent rotor 
Hamiltonian th a t in tu rn  gives a  frame-independent expression for K j  with the intertia parameters 
Ai  =  A i  =  0  and A3 =  1:
K j  = (AiA2J 2 +  X3X l  + X%)f{2 \ l  +  At A2) . (3.42)
Replacing X f  and X | with their algebraic counterparts -  for which the collective quadrupole operator
Q%0 is used instead of its algebraic version -  is then a  natural definition for a SU(3) shell model
image of K j .
For the  evaluation of the matrix elements of the  X |  and X% operators and therefore of K 2 in 
the spin-coupled basis of the SU(3) scheme [24],
|7 (A, h )kL S J M j ) with 7  =  N[f]a[f\/3 , (3.43)
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it is usefuil express these operators in a tensor notation,
* 3  =  £  [[/ ® Q\l ® J ]°  (3.44)
CL0
and
Y« = S '  .T-O-oOv- .J- =  -
18* 4° =  £  JaQa0QayJy =  - ^ V 3  [[J ® Q ]1 ® [J  ® Q\l ]u . (3.45)a0y
Since the reduced matrix elements of the SU(3) generator Qa are known, the reduced m atrix  elements 
for X$  and X *  can also be evaluated and are given by
<7 (A, h )kLSJ \  |X3°||7(A, h)k'L 'SJ)
= + 1) v W + i ) W( J l  J l ;  J 2 ) (3.46)
x <  (A, h)kL S J  ||Q °|| (A, h)k' L ' S J  >
and
(7(A,/i)KLSJ||XJ||7(A,Ai)K'Z/SJ)
=  | j ( J  +  1 ) ^ ( 2 J  + l )  5 3  {~1)J~J"W (J 1J 1 ;  J 2 )2 (3.47)
k"L"J”
x <  (A,h)kL S J  ||Q °|| (A, fi)K”L " S J  > 
<  (A, h)k" L " S J  ||Q °|| ( K f i W L ' S J  >
where the reduced matrix element for QA that has the SU(3) tensor character (Xot fio)noLo =  (1,1)12 
is given by
< (A,{m)kL S J  ||Q °|| (A, h )k ' L ' S J '  >
=  (-1 )^ 2 V C 2(A ,^)(2J' +  1)(2J +  1 )W {SJ 'L2 ;L 'J )
x <  ( A , (1, l)12||(A,/r)/c£ >p=! . (3.48)
Here the W s  are SU(2) Racah coefficients and the <  (A, h)k!L'; (1, 1)12||(A,/z)kZ >p= 1 denote SU(3) 
D SO(3) coupling coefficients. The phase factor, (—1)* =  — 1 if fi ^  0 and +1 if /r =  0, is required
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for consistency with the definition of SU(3) coupling coefficients [1, 36] In the S =  0 configuration 
the matrix elements for K j  reduce to those of the  previously defined and simpler K \  operator.
To explore the potential usefulness of the K j  operator in the shell model, a comparison of results 
for the odd-A nucleus 24Mg and 1S9Dy and l65Er were found to be in good agreement with the 
corresponding collective model values. [92].
3.6 O ne and tw o-bod y interactions
So far it was shown how collective aspects of the  nuclear interaction can be described naturally 
within the framework of SU(3) model. To summarize, the close relation between the rotor and the 
SU(3) algebras translates into the  ability of a SU(3) symmetry preserving Hamiltonian to describe 
the rotational spectrum of well-deformed nuclei and also allows one to  map SU(3) eigenstates |(A, /x)) 
onto shapes parameterized by the deformation parameters 0  and 7 .
Another strength of the SU(3) model is its ability to account for single particle degrees of freedom 
since it is a  many particle theory th a t fully accounts for the fermionic structure of the nucleus. As 
can be seen for example by the importance of the spin-orbit and orbit-orbit terms in the single 
particle shell model, these additional degrees of freedom are an im portant ingredient for a  realistic 
nuclear model.
The assumption that the last unpaired nucleon determines the  spin of the nucleon -  i. e. that 
proton or neutron pairs with opposing spin and the  same |m<| value but otherwise identical quantum 
numbers couple to S =  L =  0 pairs, which is used in the single particle shell model, reflects the 
existence of the  pairing interaction which lowers the energy of nucleon pairs coupled to to ta l angular 
momentum zero. Indeed, the pairing-plus-quadrupole model [9] has been used to simulate both 
few particle non-collective and m any particle collective features of nuclei [12]. The addition of this 
two-body interaction is thus an important step towards a more realistic Hamiltonian.
As this interaction is most effective between (J  =  0)-coupled pairs, pairing correlations are 
normally attributed to the short-range part of the nucleon-nucleon interaction. Since the spatial
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overlap of two nucleon densities is a t its m a x im u m  if the nucleons have the same I and  |m |  value 
and rotational invariance further requires J  =  0, this is the  configuration energetically favored by a 
short-range attractive interaction.
In the spectrum of even-even nuclei that are just a  few nucleons away from a  closed shell, the 
effect of the pairing interactions can be seen in the energy gap of about 1 MeV that occurs between 
the J x =  0+ and a  set of nearly degenerate states ( J + =  2+ ,4+ ,6+ . . . ) .  This so-called “pairing 
gap” corresponds to  the energy necessary to break up a  nucleon pair and recouple it w ith S =  I and 
thus gives an estim ate for the strength of the pairing interaction.
To evaluate the  one-body spin-orbit and orbit-orbit interaction and the two-body pairing inter­
action within the framework of the  SU(3) model, they have to be expressed in a form compatible 
with the SU(3) eigenstate basis for the many particle wavefunction. This can be done by employing 
the so-called second-quantization formalism in which particle creation and annihilation operators 
are introduced. Since the fermion creation operator and the annihilation operators multiplied by a 
phase factor have good SU(3) transform ation behavior, they can be coupled to  SU(3) tensors, thus 
allowing one to  rewrite any n-body operator as a sum of these basic unit-tensors. A generalization 
of the Wigner-Eckart theorem for the SU(3) case then provides an elegant way for the evaluation of 
matrix elements.
An additional advantage of this formalism is its ability to  describe naturally operators in pickup 
or decay reactions, where the number of particles in the initial and final s ta te  are different [26, 71].
More specifically, a  fermion creation operator a* is defined by its action on a vacuum sta te  |0) 
which gives the single particle s ta te  |-y):
o$|0) =  |7 > • (3.49)
Here the label 7  has been introduced as an abbreviation for all the quantum  numbers necessary to 
classify a single particle state. In  the  case of the SU(3) model these are spin quantum numbers and 
the SU(3) irrep and intra-irrep labels for the spatial part. An additional index distinguishes protons
44
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
and neutrons. This can be done by either the m-projection of the isospin or by using the labels it 
or v  respectively . For a proton in the 77-th  shell for example the abbreviation I7 ) corresponds to 
the s ta te  1(77, 0 ) I, mi, \ m s , n) if the SU(3) D SO(3) group chain is used and angular momentum and 
spin are not coupled.
The conjugate operator a-, acts as a  particle annihilation operator. Applied on the single particle 
s ta te  I7 ) it gives the vacuum sta te  |0 ):
«t |7> =  10) • (3-50)
Any a n n ih ila t io n  operator acting on the vacuum state gives 0 ,
0,10) = 0 ,  (3.51)
which in turn  can be used as a  definition of the abstract vacuum state |0). In the context of the 
shell model, the vacuum sta te  corresponds to an empty shell.
The fundamental symmetry properties th a t distinguish fermions from bosons and require a many 
particle fermionic wavefunction to  be totally antisymmetric, are reflected in a  set of anti-commutation 
relations for the fermion creation and annihilation operators:
{«*, } =  a* Oy +  Oy a* =  J7(y  (3.52)
{<4, a \ , }  =  {a^, ay} =  0 .
Different from the creation operator, the annihilation operator introduced above is not a  SU(3) 
tensor and an operator a-, w ith good SU(3) transformation behavior under SU(3) that differs from 
a-f by a phase is more convenient for the following discussion:
Sy =  a (0.,) (3-53)
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W ith these defintions in place, a  one-body unit tensor, 1,1 * can be introduced as
=  £ < fo ,0 ) f ', ( 0 , i?)f||(Al M)*I) 3 2  (3-54)
IV m . m . '
x  3 2  p m ’, lm \LM L) . (3-55)
where the coupling coefficients used are the S0(3) Clebsch Gordan coefficients, (---|-), and their 
SU(3) equivalent for which a  notation with double bars, (- • - 1|-), has been introduced (see App. A.1).
For the expansion of one-body operators that have to  be rotational invariant it is useful to also 
introduce a  one-body unit tensor in the 1-s coupled basis with J  =  0 :
( XX) LS  _  r t _ - 1
UW' ~  ® (i.o)iJ
=  32 < L M l S M s \00 > (lll)W(^ ^ SMs0 (3.56)
MlMs
W ith their good SU(3) transformation behavior these unit tensors serve as an operator basis in 
which a general one-body operator, F , that acts symmetrically on a system of N  identical particles,
N
F  = 32f(xi<Ti), (3.57)
«=i
can be expanded in a form compatible with the SU(3) basis used for the many particle states [101]. 
The second quantization formalism allows one to express the one-body operator in term s of fermion 
creation and annihilation operators
F  =  3 2  <  A /I?  >  (3-58)
Pa
and thus introduces the basic operators th a t can be coupled to  form the unit-tensor operators defined 
above (3.56).
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Examples tha t will be used later, are the tensor expansions for the single particle spin-orbit and 
orbit-orbit interactions:
=  E [ < , O)̂ W i ] o A’A)O,O’°((T/.0)i,(0,T7)/||(A,A)0>
» (A.A )t
x{-r[\l(l + l)(2l + l)}* (3.59)
and
=  ! > < „ .  o ) / i W i ] o A ’A ) 1 , 1 ’° ( ( ^ 0 ) / , ( 0 , 77) l | | ( A , A ) l )
* (A.A)/
x ( - ) ” [fa +  l)[2(2Z +  l ) ) i  (3.60)
In a  completely analogous manner, it is possible to  define a two-body SU(3) unit tensor, 2̂’2^ ,  




r(2,0)WAt,m)Si ^ 0,2^(A2.^ )S 2 I p(X,h )k.L M l S M s
[ ■/W.o)(.n.o>H x Ao,Th')(o,»js) i i j  •
where the pair creation and annihilation unit tensors are defined as:
(2,0) j r ( X ^ ) KL M LS M s  =  f t  1 (A ./*)«iM LSAfs
■A(tJ' ,0)(7J,0)$$ -  [a ( r i ',0 ) i  ® a (r ,,0 ) iJ
(0 ,2) ^ X W L M l S M s  _  f -  „  -  I  (m,A)<«I.Afi.S M s
A general two-body operator,
N
G  =  ^  ] s ( t i  ffj) , (3.63)
« < J= 1
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that acts on the single particle spin and space coordinates, can be expressed in  second quantization 
as
G = J  £ < 0 7 l / l *  <4 - (3-64)
0,-r,S,c
where ( 0  ~f\ and |5 e) are normalized antisymmetric two-particle states.
Specifically, we are interested in the operator for the  pairing interaction th a t can be w ritten in 
second quantization as
Vp =  - ± c £ < 4 4 v « r  ■ <3 6 5 >
-r,y
where 7  and 7 ' denote the time reversed partners of the  single particle states 7  and 7 '  respectively, 
and G  is the strength of the pairing interaction. It can be expressed in term s o f second quantization 
as
V? =  f  £  H i V ( ( A i , / * i ) ( A 2,A*2)po(Ao/io)) (3-66)
(Ai.mKAa.pa) V f
[ K  ® a # 3**' ® [<v ® ^ ] A a« p  , (3.67)
where the coefficient involves a  sum over the product of three SU(3) reduced coupling
coefficients
Pjpf  ((^i.Ati)(A2 . ^ 2)A)(^o/io))
=  ( - I ) 1" 1' y/(2l +  1)(2/' +  1) <  (7,0)1; > (3.68)
x <  (7,,0 )i;(7,,0)i||(A2M2)10 > <  (A1Mi)l;(A2A£2)i||(A0Mo)10  >& .
A problem with adding the one-body spin-orbit and orbit-orbit and th e  two-body pairing in­
teraction to  a SU(3) Hamiltonian lies is the fact th a t the  corresponding operators break SU(3) 
symmetry. If a dominating quadrupole-quadrupole interaction is assumed however, SU(3) still re­
mains extremely useful as an approximate symmetry. Specifically, this allows one to restrict the
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configuration space to  SU(3) irreps w ith a  large C2 value and the use of group theoretical tools for 
the  evaluation.
For a  systems with only a few particles, however, it is still possible to do shell model calculations 
in the  complete many particle space. These toy models have been used to investigate the influence of 
different interactions on the nuclear shape [4, 7 ,8]. From the structure of the  quadrupole-quadrupole 
interaction it is obvious that it drives the nuclear shape towards strongly deformed shapes. For the 
pairing interaction it was assumed traditionally that it  would favor a spherical shape. A detailed 
SU(3) model analysis however, showed th a t the pairing favors triaxially deformed many particle 
configurations where the deformation is generally rather soft.
In addition, the single particle spin-orbit interaction has been taken into account [46], so that 
the complete Hamiltonian investigated had the form:
H sm 3) =  f  Q Q  + G*V? + VvH up + a K j  4- bJ2 . (3.69)
The 1 • s  interaction breaks both the SU(3) symmetry and  by mixing different spins the U(3) symme­
try. A weak spin-orbit force pushes the system towards a  more spherical shape i. e. towards smaller 
k 0  values while leaving the triaxial deformation that is parameterized by 7  unaffected. For a  strong 
spin-orbit interaction mixing becomes so strong that th e  shape is no longer defined.
Although symmetry breaking effects of the single particle spin-orbit interaction are strong, they 
do not preclude the use of the SU(3) scheme, since for nuclei with A < 100 with a strong spin-orbit 
force the pseudo-spin concept can be applied which then  leads to a pseudo-realization of SU(3). In 
this representation the spin-orbit interaction is weak enough to yield good pseudo-SU(3) quantum  
numbers.
The details of the pseudo-SU(3) concept that is crucial for the treatm ent of heavy nuclei, is the 
topic of the next chapter.
49
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
C hapter 4
Pseudo-spin sym m etry
The pseudo-spin concept that was introduced first by Hecht and Adler in the late sixties [65,101] 
can be described most naturally within the framework of the single particle shell model th a t was 
discussed in the previous chapter. As was described there, the shell model Hamiltonian ho uses 
the three-dimensional isotropic harmonic oscillator, hoac, as a  central potential, augmented with 
one-body spin-orbit (1 • s) and the orbit-orbit (l2) terms,
ho = hoac +  C 1 • s +  D  (l2 -  (l2)aheU) , (4.1)
where here the mean value of l2 over a given spherical shell, {I2)shell =  n(n 4- 3)/2 , has been 
subtracted. This ensures that the average single-nucleon energy is fixed by its harmonic oscillator 
value [59], a  feature th a t will be important in the later discussion.
Unfortunately, for all but light (A <  28) nuclei, the splitting generated by the 1 • s  term  is so 
large that it destroys the underlying SU(3) symmetry of the isotropic oscillator. A consequence is 
th a t SU(3), which has been shown to be extremely useful for shell-model calculations in  light nuclei, 
has little apparent value in heavier systems, especially those with (A >  100). In this mass region, 
however, another symmetry emerges.
The introduction of this so called pseudo symmetry is motivated by the  observation th a t for heavy 
nuclei certain combinations of normal parity spherical orbitals 4- 2)J+1) form subshell doublets 
(for example, s j  — da and ds — gi  for n  =  4, or —f \  and S\  — h |  for «  =  5) which can be treated
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as (almost) degenerate levels with the sam e pseudo-angular momentum, I =  lj +  1 =  (/ +  2)j+ i  — 1 , 
and (almost) decoupled pseudo-spin, s.
The degeneracy of states with the same pseudo-angular momentum can be reproduced by a 
Hamiltonian with pseudo 1 • s  and I2 term s where the pseudo 1 - s  is relatively small. A unitary 
transformation that effects this change cgurries hosc into its pseudo equivalent, hosc, which is simply 
the isotropic harmonic oscillator Hamiltonian for a  system with one less quanta, transforming the  
total shell model Hamiltonian, ho as follows [5]:
hoac +  C 1 • s + D(l2 -  (l2)sHelt) (4.2)
—  / W  +  (42? — C) I  - s  +  D(l2 -  (I2)3heU) + ( tw  + 2 D - C ) .
The significance of this result comes from the fact that for heavy nuclei
4 f i - C « 0 ,  (4.3)
which means that the pseudo-spin symmetry breaking in ho, generated by the 1 • s  term, is small. 
More specifically, empirical results for medium and heavy mass nuclei give the parameter fi =  ^
as =  0.4 and \jlu ~  0.6 for protons and neutrons respectively [106, 20]. This places the average
of fi for protons and neutrons parameters exactly on the symmetry limit. As a  result, the large 1 • s  
splitting found in heavy nuclei therefore gives way to a small pseudo 1 • s term upon application of 
the pseudo space-spin transformation.
The crucial relation Eq. (4.3) can not only be obtained empirically from experimental data  but 
also from relativistic mean-field results, which suggest a  microscopic origin for the symmetry, as will 
briefly discussed next.
4.1 M icroscopic origin
To investigate the goodness of pseudo-spin symmetry from relativistic mean field results, estimates 
for the strength of the spin-orbit and orbit-orbit interactions have been derived [5], that these show  
that the parameter \x = ^ -  indeed has a  value close to the exact symmetry limit. 0.5.
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Using the usual Dirac equation as a  starting point (with only the  tim e component of the  scalar 
and vector potentials taken into account) and using a  nonrelativistic reduction of the relativistic 
mean-held theory, the spin-orbit interaction potential can be expressed as
fi2 2 d [ i - . . . .
ls 2 M r d r [ l - B p / p o _  S ’ *
where the parameters p and po are respectively the  nucleon density a t radius r  and the nuclear 
m atter density. In the simplest version of the theory, the  dimensionless quantity B  = \ ( B a + B v)
is just the average of the scalar and vector coupling constants of the  corresponding mesons. Using
the fact th a t d r /r  vanishes everywhere except near the  surface, the  spin-orbit strength, C,  can be 
obtained by averaging Vj4 over the  region inside the  nucleon radius R  as
- f t2 I  — B  . .C  — - —' , (4.5)
2 M R  ZB  v }
To find an estimate for the strength of the orbit-orbit interaction, one can use the fact th a t the 
origin of the I3 term  lies in the flatness of the m ean field in the interior region as compared with 
the quadratic oscillator form used in the shell model Hamiltonian. In  the large mass limit a  more 
realistic potential is that of a spherical well with finite depth. If th is potential is replaced with one 
of infinite depth, the single particle energies are given by
Enl = 2 M & x2nl ’  ( 4 ' 6 )
where M  is the  nucleon mass, R  the  radius of the well, and the x ni are the zeros of spherical Bessel 
functions th a t are approximately given by x2j as [(^n +  l)ir)2 -  1(1 +  1). The energy splitting thus 
follows an 1(1 + 1) rule and the orbit-orbit strength, D, is given by
® — 5 B 3 P -  (4-7)
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Using these estimates for C  and D, p  can be approximated by the ratio
2 D  1 ~ B  t A S l \
^  = ~C~ = ~~3B~ ' (4 8)
which is independent of the mass number.
Using estimates for B  derived in the Nambu Jona-Lasinio model [90] which starts w ith massless 
quarks and generates the hadron masses by spontaneous symmetry breaking, gives n  = 0 .686. Also, 
results derived from other microscopic models like th e  Walecka model [111] and a derivative coupling 
model due to Zimany and Moszkowski [127], th a t give /r =  0.447 and n  =  0.635 respectively, are 
consistent with the pseudo-spin picture. The pseudo-spin symmetry thus appears to be a  feature of 
the nuclear interaction that can also be seen on a  more fundamental level.
4.2 The pseudo-spin  transform ation
For practical purposes, and to gain a  deeper understanding of the pseudo-spin symmetry, the struc­
ture of the unitary pseudo-spin transformation U  th a t transforms a  shell model Hamiltonian accord­
ing to Eq. (4.2) has been investigated extensively in the last few years [27, 15, 17].
For single particle basis states this unitary transformation U from the  normal space to the pseudo 
space can be expressed as
U n j m  njml71 (*> s ) J. m > =  l«  (*> *) 3 ’ * > . (4-9)
where the spherical shell model quantum  numbers j ,  n  find s, for to ta l angular momentum, oscillator 
shell and spin respectively, transform as:
j  = j ,  n  = n  — 1, s = s (4.10)
and the transformation for the  angular momentum I depends on the  value of the corresponding j:
I  = I ± 1  according to  whether j  = I ±  i .  (4.11)£t
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Thus, the pseudo transformation amounts to a  simple relabeling of the spherical basis states, mapping 
levels of the n-th  oscillator shell onto the  n  =  n  — 1 shell of a  pseudo oscillator. Disregarded in this 
mapping are the oscillator states with m ax im u m  to ta l angular momentum, j , that is, the ones with 
j  =  n +  5 . Because the spin-orbit interaction is so strong for heavy nuclei, these levels are pushed 
down among the levels of the (n — l)-th  shell. These states are called “defectors” when they become 
part of the core and “intruders” when they penetrate down into the valence space from above. In 
both cases they are “unique parity” states because they  have an opposite parity than their “normal 
parity” partners.
More specifically, a  normal —* pseudo single particle transformation operator U can be introduced
as:
i7(r,p,cr) =  (d • d^)~l^2d, with d =  b  • <r, (4.12)
where a  is the Pauli spin matrix and b  the bosonic annihilation operator, 6* =  y /m ij / ( 2 h)ri + 
iy/l/(2hma>)pi. Its presence can be understood by the fact that the pseudo-spin transformation 
lowers the n-quantum number by one. For a system of A  nucleons in the spherical oscillator repre­
sentation the normal —► pseudo transformation can then be written in a multiplicative form:
A
^ to ta l =  I I ^ r - P ‘’a *)- (4' 13>
1=1
As can be shown [27], the action of d on a h. o. eigenstate, |n(Z,s)j, m), is given by:
d\n (1,1/2) I + 1/2,m) =  (n -  l)l' 2\n -  1 (I +  1,1/2) I + 1 /2 ,m ) , (4.14)
d\n (1,1/2) I - 1/2,m) =  (n + 1 +  l ) 1/2|n  -  1 (I -  1,1/2) I -  1 /2 ,m ) . (4.15)
so that U  indeed has the form required in Eq. (4.9). However, since the intruder levels with j  =  1 +  1 
have no counterpart in the pseudo space and are being destroyed by d, see Eq. (4.14), U  is only 
unitary within the subshell with j  < jmax =  n  +  | .
54
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
For an analysis of a variety of nuclear Hamiltonians, it is also necessary to  know the pseudo-spin 
structure of different operators. Results for the operator th a t counts the  number of oscillator quanta,
UnU f =  n  +  1 , (4.16)
the operator used to generate spin orbit splitting,
U l - s W  =  - l - s - 2  , (4.17)
and the orbit-orbit interaction,
U\2U'  =  l2 +  21 • a  -I- 2 . (4.18)
have been derived by Blokhin [16,17] and show th a t the operator U  given in (4.12) indeed transforms
the shell model Hamiltonian in the way required in Eq. (4.2).
The transformation for o ther operators is more challenging and the more complex expressions 
for the transformation of the  Pauli spin matrix and the Elliott quadrupole operator are given for 
example in [16].
The transformation operator described above, however, is not the  only one possible. In the most 
general form, the pseudo-spin transformation, U, is a  function of the position, r , the momentum,
p, and the Pauli spin matrix, a, of an individual nucleon and in order to give the correct pseudo
Hamiltonian given in Eq. (4.2) with a  small spin-orbit interaction it has to transform l2 according 
to:
Ul2U ~ l =  l2 +  21 - a  + 2 =  2j2 — l2 +  |  . (4.19)
The structure of (7(r,p,<r) can further be fixed by the following general constraints
[Zl/, j] =  0 rotational invariance (4.20)
[U,V] =  0 parity conservation (4.21)
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[£/, T \  =  0 time reversal symmetry
U W  =  IT+C/ =  1 unitarity
(4.22)
(4.23)
As was shown by Blokhin [16], three distinguishable choices for U  remain with these restrictions. 
These have the  general structure
U =  (d • d*)~l/ 2d, d =  (cosflroP +  is in 0 r /r o )  • a  (4.24)
where due to the  option of rescaling the  characteristic length r<j the values of 9 can be fixed a t ± f ,  
0 or The first choice, 9 = + ^ ,  yields the boson creation operator b\,
< 4 - 2 5 )
so that U corresponds to the transformation discussed above (4.12), while 9 — —̂  yields the 
annihilation operator 6*:
<4-26>
However, these operators that have also been discussed by Castanos e t al. [27] are unitary only 
within a subspace of normal parity while their action is undefined in the  unique parity subspace.
Two choices remain if global symmetry is required. The case §  corresponds to the so called
r-helicity [18] Ur =  icr ■ r / r  which, however, is not compatible with translational invariance
[ C f ,p ] = 0 .  (4.27)
A transformation th a t is invariant under translations is the so-called p-helicity Up = a  • p /p
This transform ation has been used to analyze the transformation behavior of a  shell-model wave- 
function in a  spherical representation:
(r, a)  =  ilR„i(r)(Yi(Q) <g> x)jmi . (4-28)
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where as usual n  is the number of quanta, I, j  and m  denote orbital momentum, to tal angular 
momentum and its projection, respectively, Yj(fi) is a spherical harmonic and x  & Pauli spin matrix. 
As was shown [17], transforms under the p-helicity as:
Ui>nhm} =  <2 x ) j m ,  , (4.29)
where
q = 2 ( l - j ) ,  I — I — q, n  = n - q ,  (4.30)
and analytical expressions for the radial functions Tln,i,+i (r)  and ftn,i,+i(r ) are given in [17] as a  sum 
over hypergeometric functions. These transformed radial functions behave in the bulk practically 
like the closest oscillator function, either slightly compressed (q = 1) or dilated (q =  — 1). Since the 
behavior of more realistic single particle functions (for instance, for the Woods-Saxon potential) is 
very similar to the one of their oscillator counterparts, the above remains valid for realistic mean- 
held models. The helicity transformation for the basis functions in the spherical limit is thus model 
independent to a  good extent and can be accomplished by replacing the transformed functions by 
the closest oscillator functions as described in Eq. (4.9).
An even stronger argument for pseudo-spin as a more fundamental nuclear symmetry has been 
derived horn the transformation behavior of a general shell model Hamiltonian that is consistent 
w ith relativistic theories (see Eq. (4.4)) and includes a r  dependent spin-orbit strength, [15, 116]
H  = ^  + V(r) + W (r)  I s .  (4.31)
The transformation of this general Hamiltonian yields
v2
U H U + =  f ^  + V(r) + W (r)  I s ,  (4.32)
and is complicated by the fact that the helicity transformation is highly non-local in nature. To get
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a localized estimated for V'(r) and W (r)  these transformed potentials were calculated in first order 
perturbation theory. Results of this work, in which a  microscopic one-boson-exchange potential [83] 
was considered, show that the minimum in the spin-orbit potential, W[r), which is located in the 
surface region in the normal representation gets shifted deeper into the bulk. From this it follows 
th a t the magnitude of the spin-orbit interaction in the region with larger radius which is primarily 
responsible for the interaction strength shows a  strong decrease.
Consistent with the work by Bahri [5, 4], the small spin-orbit strength present in a  pseudo shell- 
model Hamiltonian can thus be derived from a  microscopic theory that includes relativistic features. 
The pseudo-spin symmetry thus seems to  be a  fundamental feature of the nuclear interaction.
4.3 Pseudo-sp in  for axial deformed nuclei
In the discussion of the pseudo-spin symmetry so far a spherical symmetric Hamiltonian has been 
assumed. For more realistic applications and to further probe the nature of this symmetry, the case 
of a shell-model H a m ilto n ia n  with axial deformation terms will be covered in this section.
Because the spherical quantum numbers I, j ,  and m are not conserved for a  non-spherical Hamil­
tonian, the relabeling scheme (4.10) does not any longer relate a  single particle particle wavefimction 
in the real space to a  unique pseudo counterpart. Also, since the pseudo-transformation of non-scalar 
deformation terms is problematic, the goodness of the pseudo-spin concept for deformed nuclei can 
not be investigated using the pseudo transformations introduced for the spherical case. How these 
problems can be addressed will be discussed after a short introduction to the single particle Hamil­
tonian used to describe axial deformed nuclei and the related asymptotic quantum numbers.
The so-called Nilsson Hamilonian [96] is an extension to the single particle Hamiltonian given in 
Eq. (4.1),
hmi = hoac + C l - s  + D l 2 + hf} , (4.33)
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where the deformed quadrupole field added is given by
hg = —mu)2r20Y2o(O, tf>) . (4.34)
In order to guarantee volume conservation, the oscillator frequency is deformation dependent, with 
u(P)  given as
LJ(P) =  0/(0) ( l  +  ^ 0 2 -  l'  . (4.35)
The deformation part of the Hamiltonian mixes the  spherical basis states so th a t I and j  no 
longer remain good quantum numbers. As was demonstrated by Nilsson in the limit of very large 
quadrupole transformations, the physical states can be classified by means of asymptotic quantum 
numbers [Nnzlzj z], where N is the  to tal number of oscillator quanta, n z is the number of quanta 
along the body-fixed symmetry axis (z-axis), l z is the projection of the single particle orbital angular 
momentum on the  z-axis, while j z =  lz ±  1/2 is the th ird  component of the total spin. Since for 
an axial average field [hnii, j z j =  0, j z is a constant of motion. However, neither n z nor l z nor the 
z component of the particle spin, £  =  ± 1/ 2 , are good quantum numbers especially a t small and 
moderate deformations.
A first indication for the goodness of the pseudo-spin concept for axial deformations can be 
found in the so called Nilsson diagrams that show single particle energies plotted as a  function of the 
axial deformation parameter /3. A prominent feature of these Nilsson diagrams are pairs o f energy 
levels that stay close together independent of deformation and which for the  spherical case, 0  = 0 , 
correspond to the  pseudo-spin doublets, (!,-(! +  2)J+1). The asymptotic quantum numbers of these 
doublets are N , n z , lz with j z =  lz +  5  and N , n z, lz + 2 with j z =  (lz +  2) — 5 .
Guided by this observation and the relabeling scheme used for a  spherical basis [101], the 
deformed normal parity Nilsson states can be classified by pseudo-asymptotic quantum  numbers
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N ,  h x, l z , s z and j z where
N  =  N  -  1, h z = n z , lz = l z + s z , sz = sZJ j z = j z . (4.36)
This relabeling scheme is equivalent to the action of a  pseudospin transformation Uoo in the  asymp­
totic region that acts on the cylindrical basis states \ N ,n z , l z, j z) as:
As was shown by Castonos et al. [28], th is pseudo-spin transformation in the asymptotic region has 
the form
U oo = ( d o o O - l/2doo . (4.38)
where doo is given as
doo = b'x +  b'y <Ty (4.39)
and the 6' (i = x, y) are deformed boson annihilation operators with 0  dependent frequencies a /,
. 1  <i+y¥^> l/“
■ =  V I T 1 '  " 73S 5 P- "  =  " (1 _  ' {4M)
Using this transformation for the  cylindrical deformed limit, it can be shown that a  Nilsson type 
Hamiltonian, (4.33), can be approximated by its pseudo-spin counterpart
h. — Jiosc C I  • s  +  D  P  +  Jiff , (4.41)
which is characterized by a much weaker spin-orbit splitting and slightly higher oscillator frequencies 
but th a t essentially keeps its original structure.
To analyze the goodness of the  pseudo-spin picture not only for the limiting case of extreme 
deformations for which Uoo is valid but also for continuous deformations from oblate to  prolate,
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Ttoltenier [118] made a  detailed comparison of the single particle energies and the wavefunctions 
given by the deformed pseudo Nilsson Hamiltonian and a  more realistic deformed Woods-S axon 
potential [93, 10] defined as:
(442)
with d iss(r,/32) being the distance between the nuclear surface E and the space point r  a t a  given 
deformation 0 2 - The nuclear surface is defined by the usual quadrupole expansion:
R(Cl) =  c(/3) =  r„ ( l +  0Y20(ft)) . (4.43)
In contrast to the pseudo Nilsson Hamiltonian where the symmetry limit of zero pseudo spin- 
orbit interaction strength was used, the spin-orbit splitting was not neglected in the Woods-Saxon 
calculation. Also the A =  2 ,4 , . . .  couplings were taken into account correctly and the coupling to  the 
abnormal parity subshell (intruder) with j  = N + ±  was included in the  more complex Woods-Saxon 
calculation.
The remarkable agreement th a t was found for single particle energies and wavefunctions confirms 
the presence of the pseudo-spin symmetry in the realistic average potential for any oblate and prolate 
deformations. In addition, this comparison between the two models shows how the existence of the 
pseudo-spin symmetry allows one to use a much simpler Hamiltionian and a  significant reduction of 
space necessary to describe a nuclear shell. The last point is an advantage that will be especially 
useful for many particle calculations for which the dimensionality grows almost exponentially with 
particle number.
Based on these investigations th a t show the validity of the pseudo-spin picture also for axial 
deformations, a  variety of features of heavy deformed nuclei have been studied using pseudo-SU(3) 
model calculations. In  turn, the success of these calculations can be used as an additional argument 
for goodness of the pseudo-spin symmetry.
One example for these calculations are magnetic moments of odd-A nuclei that were evaluated 
[118] using the single particle wavefunctions given by the  pseudo-Nilsson Hamiltonian (4.41) and
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for which a  rather close agreement with experimental values was found. Other applications are 
rotational spectra, transition strengths and double beta decay [117, 14, 70].
4.4 P seu d o-sp in  for triaxial deform ations
Whereas most deformed nuclei are thought to have an axial deformation, the existence of triaxial 
shapes in transitional nuclei has also been established in the last few years [63].
Even though sta tic  transformations are in the strict sense not physical observables, many inves­
tigations predict a  rather flat energy surface in the triaxiality parameter 7  for these nuclei. The 
non-symmetric shape of these so-called gamma-soft nuclei is reflected among other things by a  low- 
energy spectrum th a t  does not show rotor-like characteristics. The investigation of triaxial nuclei 
using the pseudo SU(3) model thus allows one to probe the limits of the SU(3) model th a t is closely 
related to the rotor picture. In comparison, axially deformed nuclei usually show a  well pronounced 
m in im um  in the param eter 0  and a  rotational spectrum with L(L  +  1) characteristics.
As was discussed in the previous chapter, the close relation between SU(3) and rotor algebras 
translates into a one-to-one correspondence between the nuclear shape parameterized in terms for the 
collective variables 0, 7  and the SU(3) labels (A, fi). Thus, SU(3) model calculations for gamma- 
soft nuclei with their not well-deformed shape requires the mixing of different SU(3) irreps. An 
investigation of gamma-soft nuclei within the framework of the pseudo SU(3) model, however, poses 
the question of the goodness of the pseudo-spin picture in the general case of non-axial deformations.
The positive answer to this question -  which will be discussed later in this chapter -  justifies the 
application of the pseudo-SU(3) model to gamma soft nuclei that is presented later in this work and 
<s one of the im portant results of this thesis.
Before the goodness of the pseudo-spin for deformed nuclei is analyzed, a short introduction to  
some properties of the deformed harmonic oscillator potential and to the  notation used is given next.
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4.4.1 The triaxial deform ed oscillator
In the single particle picture, a  triaxial nucleus can be described by an  extension of the  Nilsson 
Hamiltonian for axial deformation given in Eq. (4.33). This generalized Nilsson Hamiltonian includes 
a  triaxial deformation term  (Y 2 +  Y 22) parameterized by 7 ,
hnil = h0 - m u 2 r2 0  [cos(7 )yo2 4- + ^ -2)] • f4-44)
Here, h0 is the (rotational invariant) Nilsson Hamiltonian defined in Eq. (4.1). To guarantee volume 
conservation the oscillator frequency a; is a  function of 0  and 7  given by:
w(/?,7 ) =  u/0( l  4- ^ - 0 2 -  7 ( - ) ’  cos3 3 7 ) .  (4.45)
47T 4  7T
The deformation terms, r 2y2A1, introduce mixing that couples different shells with A n  =  ±2 where 
the m atrix elements are given in a  spherical basis, \nl, A S), as:
(n T A 'E V lV ln lA E )  =  <n'i, |r2 |nf)(I'A|y2JIA/)<Js .s  . (4.46)
The radial part of this matrix element is [38],
(nT |r2|n!) =  <W _21  [V (n  + 1 +  l)(n  +  1 - 1 )  2
+  y / ( n —~[)^rr+T +T y 8in +  y / (n  — l)(n — 1 — 2) 5j»j+2 j
+6n,n [ v /( n - Z  +  2)(n +  l +  l ) ^ i_2 (4.47)
3 _______________
+  (n +  2 ^ 1'1 "*■ \A n — 0 ( n  +   ̂+  3)(5{>j+2
+$n‘n+2 Ĵ2 >/(** +  / +  l)(n  +  Z +  S)&l'l-2 
2 y^(n — I +  2)(n + 1 +  3)5j>t- i / ( n  — l)(n  — I +  2)5{-j+2|  ,
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and the angular integral is given as:
/ \
(I'A'iraolU) =  ( - I ) 1'"* '
I ' 2 I
y/(2 l' +  l ) (2i +  1) (4.48)
Even for moderate deformations (0 ~  0.3) this shell mixing is relatively large, making it difficult to 
assign certain single particle states to  a  particular oscillator shell.
The deformation can also be expressed by oscillator frequencies th a t are different in the x, y or 
z  directions. An alternative form for the generalized Nilsson Hamiltonian, Eq. (4.44), th a t is more 
suitable for a  cartesian basis is thus:
and eo is as a deformation dependent normalization factor tha t ensures volume conservation:
H  = ^  +  i m  [u2x2 + uJ^y2 + u;2z2] +  Cl ■ s  +  D l2 (4.49)
where the frequencies, u>i, are given as:
<JJ% — €iUQ  . (4.50)
For the different direction i =  x , y , z  the parameter et is defined as:
(4.51)
ez ex e,■z £  — 1 • (4.52)
For the following application it is also convenient to introduce deformed cartesian coordinates
that are defined as:
=  y/Ta x a (4.53)
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P i =  aA A T  Pa ■ (4.54)
These cordinates allow one to express the oscillator with different frequencies in x, y  and z  direction 
in terms of deformed boson operators:
6- = J i k * '-+ ■ c = i/W 1'- - 4 T a b *  (455)
so that the generalized Nilsson Hamiltonian, Eq. (4.44), can also be written as:
h n ila  =  ( 5 > ( 6 ' X  +  | ) - C 1 - s  +  I?12
i
=  h'oac — C l - s  + D l 2 . (4.56)
In the deformed basis, x(, the deformed harmonic oscillator potential, h'oae, is diagonal, whereas the 
spin-orbit (1 • s) and orbit-orbit (l2) terms create shell mixing. Thus, the shell mixing coming from 
the deformation terms disappears but is replaced by the a  smaller mixing coming from the physical 
orbital momentum I =  ib  x b + where the spherical boson operators are given in term s of deformed 
coordinates as:
*■ ■ <4'5 7 )  
-  W ' 2 ) V .  +  -  c , 1' 2 ) C
v  -  (4 58)*  i ■, 1/2 1
2h x * ~  7 S S P- 
-  J -  <.‘/2) V .  +  +  « .1/2) b't
For reasonable deformations o f about |/?| < 0.5, however, this mixing is much smaller than the one 
present in a spherical basis which will be crucial for the following discussion.
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Figure 4.1: Single particle energies for triaxial deformations. The neutron single particle energies 
are plotted for the n =  4 normal parity subspace as a  function of 0  for different triaxial deformations 
7 . For 7 =  0 the asymptotic states are labeled by j z =  lz +  sz (ft =  A 4- E)
4.4.2 Correlation coefficients
The fact that the pseudo-spin doublets seen in a Nilsson diagram with only axial deformations stay 
together (see Fig. 4.1 for 7 =  0) even for strong deformation (—0.4 <  0  < 0.4) has been used as an 
argument that the pseudo scheme is also valid for axial deformations, th a t is, th a t the streng th  of 
the pseudo I • s  term remains small for 0  ^  0 and 7  =  0 .
The situation is quite different for triaxial deformations [38]. The generalized Nilsson diagrams, 
shown in Fig. 4.1 for the n =  4 shell (without defector states) and 7 =  0°, 10°, 20°, and 30° illustrate 
th a t the characteristic pseudo-spin degeneracy of the  prolate (7 =  0°) case is lost as the  system 
approaches maximum triaxiality (7  =  30°). Because positive values of 0  w ith 30° <  7  <  60°
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correspond to  negative 0  values w ith  30° > 7  > 0 ° ,  respectively, these results also show the re­
appearance of the  symmetry as the  system  approaches the oblate axial limit (7  =  60°).
This disappearance of the pseudo spin-orbit doublets with increasing triaxiality could be simply 
a  result of the loss of the  axial sym m etry since the z-component of the to tal spin, j z =  lz ±  5 , is 
no longer a  good quantum  number. As a consequence the degeneracy of the pseudo-spin levels w ith 
A ±  5 disappears as well, so that even if the pseudo-symmetry is still valid it doesn’t  manifest itself 
in the almost degenerate energy levels. On the other hand, it is possible that the additional triaxial 
deformation terms actually destroy the  pseudo-spin symmetry.
To determine whether pseudo-spin symm etry is a  valid concept for non-axial systems requires a  
non-spectral measure because the near level degeneracies that signal its importance in axial cases 
disappear as 7  increases. A logical choice for this measure is the correlation coefficient [29] between 
the generalized Nilsson Hamiltonian and the pseudo spin-orbit interaction, !•§, in the  physical space of 
states. This relatively simple statistical measure gives a good indication for the relative significance 
of a particular interaction in hnu thus allowing one, for example, to compare the smallness of 
the symmetry breaking in the triaxial case with the one for axial deformations where peudo-spin 
symmetry as a dynamical symmetry is well established [118, 45, 24]. A further advantage of this 
measure is that it can be applied w ithout knowing exact analytic forms for the  general (7  ^  0 ) 
pseudo-spin transformation.
The correlation coefficient £ is a  statistical measure that is global in nature and depends only 
on traces of operators over model spaces. I t  is also a  normalized measure, — 1 <  C <  +1, one th a t 
is often given in term s of a corresponding angular measure, C =  cos 8 , where 9 ranges from —90° 
(C =  —1, anti-parallel) through 0° (C =  0 , perpendicular), to +90° (C =  +1, parallel). Specifically, 
the correlation coefficient C for two physical operators h  and k  is defined by
(((h - h ) ( k ~ k ))>
Qh,k — ------------------------------
v W - W M i k - W j )
( ( h k ) ) - h k
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where the double bracket (()) denotes the trace over the model space. The bar over an operator is 
a  shorthand notation for its average which is simply its trace divided by the dimension, d, of the 
model space: k  = ( k )  = { (k  ))/d .
Clearly, if k  = ±h., £h,k =  ±1 and the operators are parallel (+) and anti-parallel (—), respectively. 
And if =  0 the two are perpendicular, meaning that the product of their m atrix elements 
summed over the  subspace vanishes. In statistical terms, the latter means they are uncorrelated 
within the subspace. However, in spaces with large dimensions even |Cl 555 0.5 (9 «  60°) is a strong 
correlation. In this context, a  statement that the  pseudo-spin scheme is valid for triaxially deformed 
nuclei means th a t the correlation coefficient between h and k  =  I • s is small, ideally 0 , reflecting 
the fact th a t the  pseudo-St/(3) symmetry breaking term  1 - s is relatively unimportant. It is also 
important to  note that — 0  does not imply th a t [h, fc] =  0 , which is the stringent condition 
required for an exact symmetry. Instead, the correlation coefficient is a  statistical measure of the 
similarity (or dissimilarity) of two operators. Nonetheless, even though the correlation coefficient is 
a soft (non-stringent) measure, it is a valid one or determining the goodness of a  symmetry.
The trace introduced in Eq. (4.59) is defined with respect to a specific model space. For the 
correlation coefficient to be a  physically meaningful measure, this space should be decoupled, a t 
least approximately, from neighboring spaces. The mixing between shells with A =  ±2 introduced 
by the deformation terms, however, makes it problematic to use an oscillator shell as such a space.
In the present case, a more natural choice for the summation in Eq. (4.59) is the set of states 
belonging to a  major shell n of the deformed oscillator that was introduced above. In  a  deformed 
basis the shell mixing originates from the relatively small spin-orbit (1 - s) and orbit-orbit (l2) terms, 
whereas the deformation generating part of the generalized Nilsson Hamiltonian, Eq. (4.44), preserves 
n. For example, the deviation of the expectation value of the deformation parameter in the  deformed 
basis, < n > ,  from the integer n  is less than 0.5 % even for relatively large deformations like /? =  0.4. 
Only for extreme deformations such as 0  =  0 .6  is more than 20 % found. This increase in mixing 
of n  values w ith increasing deformation occurs as a  result of two complementary features; namely,
68
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a real growth with deformation in the strength of the Sn =  2  to  the Sn =  0 pa rts  o f the spin-orbit 
(1 • s) and orbit-orbit (l2) interactions and an increase in the number and frequency of level crossings 
at high deformations.
For reasonable deformations of about \Q\ < 0.5 this mixing is much smaller th an  the one present 
in a  spherical basis and the expectation value for the number operator in the deformed basis (n') = 
(n/x )+(n /y)+{n'z) lies close to the value n thus allowing one to  unambiguously identify the (n + l ) (n +  
2)/2 eigenstates within a  deformed oscillator shell. This identification of an appropriate subspace is 
crucial to  evaluate the correlation coefficient C defined in Eq. (4.59).
Once all the eigenstates within a deformed oscillator shell are identified, th e  generalized Nilsson 
Hamiltonian, Eq. (4.44), was diagonalized in the spherical basis [38] so that th e  eigenstates | i ) in 
Eq. (4.59) are also given as an expansion
I*) =  'y cnjm,V,njm, i (4.60)
where the ipnjmi are the eigenfunctions of the isotropic oscillator with the mixing to  higher shells 
explicitly included. Since the energy of an eigenstate does not depend on the particular represenation 
one chooses, an eigenstate given in a deformed basis can easily be mapped on  the corresponding 
states given in a spherical basis.
The advantage of having the eigenstates in a  spherical as well as a  deformed representation, lies in 
the fact th a t it is much easier to evaluate the pseudo spin-orbit operator (1-s) w ithin a  spherical basis, 
since the pseudo-spin transformation can be achieved by simply relabeling th e  spherical quantum 
numbers according to  Eq. (4.10).
Specifically, we are interested in evaluating the trace
<<*>> =  £ 0 1  mo <4-61)
i€n
where the  sum is over the (n +  l)(n +  2 ) /2  eigenstates of the  generalized Nilsson Hamiltonian that
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have expectation values of the deformed oscillator number operator, (n) =  (nx) +  (ny) 4- (nz), lying 
closest to the value n.
If the trace is evaluated for the pseudo spin-orbit operator fc =  1-s,
( ( ! • § ) )  =  « (c m  • sU))) =  £  ((i|Ut ) 1 - s  (Ef|i» , (4.62)
i€n
we can use the fact that the pseudo transformation U\i) is given by a  simple relabeling scheme, 
Eq. (4.10), if the eigenstate is given in a spherical basis.
4.4.3 R esults
To evaluate the correlation coefficients, £, for the pseudo spin-orbit interaction, and thus to find a
measure for the relative importance of this interaction for a  realistic nuclear Hamiltonian, the values
for the spin-orbit and orbit-orbit strengths, C  and D  in Eq. (4.44), th a t were used in the calculations 
are typical numbers for actinide nuclei [59], namely, C — 0.1274 and D =  0.0382 or D  =  0.0267 
for protons or neutrons, respectively. To have a  scale for comparison, the correlation coefficients of 
the generalized Nilsson Hamiltonian, Eq.(4.44), with the pseudo (I • s) as well as the normal (1 ■ s) 
spin-orbit operators were calculated. The results are shown in Figs. 4.2 and 4.3.
The value of C for 4D  =  C, which corresponds to exact pseudo-spin symmetry in the  spherical 
limit, is itself very interesting because it provides am independent measure of the breaking of pseudo­
spin symmetry by the deformation. For 0  =  7  =  0, the 1 • I  term  drops ou t (4D = C) of the 
Hamiltonian, Eq.(4.2). This yields a correlation coefficient £ =  0 corresponding to  pseudo-spin as 
an exact symmetry for this case. Therefore, for non-zero deformation a £ close to  0 is also expected 
if the  breaking of the symmetry by the deformation term is small and pseudo-spin remains a good 
dynamical symmetry. The calculated results are shown in Fig. 4.2 for prolate (0  > 0) and oblate 
(0  < 0 ) axial deformations. As expected, £ for I • s  (pseudo case) is much smaller (by about a factor 
of ten) then £ for 1 • s  (normal case).
An interesting feature for all Fig. 4.2 curves is the sim ilar behavior of the correlation coefficients 
in the n =  4 ,5, and 6 shells if realistic values for C  and D  are used. In this case the Qs for the
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Figure 4.2: Correlation coefficients for axial deformations. For the  n  =  4,5 and 6 proton shells the 
correlation coefficient £ is plotted for -0 .4  < P < 0.4 and 7  =  0 To document small differences, the 
pseudo-spin cases are shown with an expanded y-axis above th e  main figure.
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normal and the pseudo 1 ■ s  have their maximum values for 8  = 0 . This behavior reflects the fact 
that with increasing deformation other (non-deformation related) features of the  Hamiltonian like 
the spin-orbit interaction become less important.
Note th a t in the pseudo-limit, C  =  4D, the correlation coefficient £ for k  — 1 • § remains very 
close to 0  for all non-zero axial deformations (/? ^  0 ). Thus, the contribution to  I • s  generated by 
the Yq distortion transformed into the pseudo-spin space -  which is the only possible source -  is 
small.
In s u m m a ry, these results support the already well-established goodness of th e  pseudo-spin con­
cept for axially deformed systems previously discussed. Beyond this, the results also suggest th a t 
the correlation coefficient measure is a reliable indicator for the goodness of pseudo-spin symmetry, 
one th a t can be applied with confidence to the  case of triaxial deformations.
The behavior of the correlation coefficients for the case of triaxial deformation, 0° <  7  <  60° 
with 8  fixed at 0.2, is shown in Fig. 4.3. The results again show the smallness of the  correlation 
coefficients for I • s for any deformation. As before, it is about a  factor of ten  smaller than the  
correlation coefficient of I • s. Standing in contrast with the the axial case, however, is the fact 
that the correlation measure remains nearly constant as 7  ranges from 0° to 60°. In short, the  
correlation coefficients of the normal (I s) as well as the pseudo (1 • s) spin-orbit operators are 
almost independent of the  7  degree of freedom.
Thus, these results suggests that pseudo-spin symmetry is a t least as good for nonaxial systems 
(0° <  7  <  60°) as it is for the corresponding (same 8) axial case. This conclusion is also supported 
by the results of the “pure” symmetry limit (C  = 4D ) where the correlation coefficient is extremely 
small w ith its absolute value slightly less for oblate than for prolate deformations. So even though 
pseudo-spin doublets are no longer observed in the single particle spectra of the generalized Nilsson 
scheme, it is still justified to  use the pseudo-spin symmetry for triaxial deformations.
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Figure 4.3: Correlation coefficients for triaxial deformations. For the n  =  4 ,5 and 6 proton shells 
the correlation coefficient C is plotted for 0° <  7  <  60° and a  fixed axial deformation of 0  =  0.2 
To document small differences, the pseudo-spin cases are shown w ith an expanded y-axis above the 
main figure.
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4.4.4 G eneral pseudo-spin transform ation
W ith this statistical argument as background, it is also useful to  introduce a general pseudo-spin 
transformation for the triaxial case where 7  /  0  [17]- Using the results of the axial deformation as 
a starting point it is natural to  assume that a general transform ation is of the form
U  =  d (d+d) ' 1' 2 =  (dd+ )-1/2d , (4.63)
defining the structural blocks d  as
d =  £  a , , (4.64)
9
where the 6'  and 6t are the deformation dependent boson annihilation and creation operators oper­
ators introduced in Eq. (4.55) and the parmeters e, have been defined in Eq. (4.51). For 7  =  0  and 
0  =  0  or 0  ^  0 this transformation corresponds to  the  known spherical case and axial deformation, 
respectively.
Different from these earlier cases, however, the  permutation relations for d and d+ are not closed 
expressions and as a  consequence the transformed Nilsson Hamiltonian for the general case of a non­
zero triaxial transformation can not be written in a  closed form and  no simple expression which is 
useful for practical purposes can be given. For the spherical and axial deformed case, in contrast, the 
bilinear combinations of d and d+ form a  closed set under both commutation and anticommuatation, 
resulting in a deformed Hamiltonian that is almost as simple as th e  original one as was discussed in 
the previous sections
An approximate transformation th a t is based on a  power-valued operator expansion can be used 
[17] to show th a t the strength of the pseudo spin-orbit interaction is drastically reduced for any 
axial and triaxial deformation and that the usual prescription o f transforming a  general Nilsson 
Hamiltonian is still valid.
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C hapter 5
The scissors m ode in the pseudo  
SU(3) m odel
After having introduced and discussed general features of the SU(3) model and its pseudo exten­
sion for the region of heavy deformed nuclei in the previous chapter, our focus will now be on the 
application of this theory. In spite of many successful applications of the  pseudo SU(3) model, the 
Hamiltonian th a t was used in most cases was highly schematic due to  the  technical problems asso­
ciated with the evaluation of m atrix elements th a t break SU(3) symmetry. This situation changed 
only recently, when a  general code was released [6] th a t allows for the evaluation of m atrix elements 
of general one-body and two-body operators and thus removes the earlier limitations on pseudo 
SU(3) model calculations. So far however, this code has been used mainly for general studies of 
pairing and single particle term s as part of a nuclear Hamiltonian [4, 7, 115, 46].
A relatively new discovery in nuclear structure physics appears to  be an ideal candidate for an 
investigation using the pseudo SU(3) model. This so-called scissors mode has been observed in well- 
deformed heavy nuclei which the  pseudo-SU(3) is expected to describe well. The mainly collective 
character with additional single particle features also agrees with the underlying assumptions made 
in the pseudo-SU(3) model.
That the pseudo SU(3) model is in fact well suited for a  description of the scissors mode will be 
shown after a  short introduction to the experimental situation and the  results of other theories.
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5.1 E xperim ental situation
In 1983 a  new rather collective isovector magnetic dipole excitation a t an energy of ~  3 MeV was 
discovered in the strongly deformed rare earth nucleus l56Gd. Immediately after the  first report 
[102] of this discovery in a  high resolution electron scattering experiment, the strong M l excitations 
in l56Gd and the neighboring isotopes 158,160Gd were confirmed in a  nuclear resonance fluorescence 
(NRF) experiment using 7  scattering [11]. Since then considerable experimental and theoretical 
efforts have been focussed on this new class of states w ith collective properties [123, 77].
The existence of a  low-lying collective J 1 =  1+ sta te  in heavy deformed nuclei had been predicted 
five years earlier by Lo Iudice and Palumbo [79] within their Two-Rotor-Model (TRM). In  this model 
neutrons and protons are assumed to act as rigid, axial deformed bodies that might rotate against 
each other around a  common axis perpendicular to  the  symmetry axes. An appropriate restoring 
force then leads to  a  scissors-like oscillation. Because of this geometrical, macroscopic picture of the 
mode, it is usually referred to as “scissors mode” and the model already implies the predominantly 
orbital character of this magnetic dipole excitation.
Now, the scissors mode seems to be a rather general phenomenon in deformed nuclei that is 
observed in the energy region between 2 and 4 MeV. Experimentally it has been established by 
numerous electron and photon scattering experiments not only in the rare earth region -  for which 
the majority of experimental studies were performed (see e. g. [21, 105, 76]) -  but it has been 
observed in actinide isotopes [66, 82] and medium-light fp-shell nuclei as well [35, 32, 103, 104].
Until now, measurements for the island of well-deformed nuclei in the actinide region [66] have 
been restricted to  ju st a few Thorium and Uranium isotopes (232Th, ^ ^ U ) .  The high atomic 
numbers Z  produce a  high background of nonresonantly scattered photons in the NRF measurements 
and increased radiative tails in the electron scattering spectra. O ther experimental challenges come 
from the increased 7  background due to the radioactive decay of the actinide targets and their 
impurities.
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Evidence for the  scissors mode is not only restricted to  well-deformed nuclei but also found for 
the 7 -soft nuclei 134B a [86] and 196P t  [22]. Experiments in this mass region had been proposed a 
decade ago [73], but since the transition strength is about a  factor five smaller than in the  mid-shell 
region, they have become possible only recently with the advent of continuous wave electron beams 
combined with a  highly efficient and high-resolution 7-ray setup.
Common signatures and characteristics of these interesting low-lying M l excitations can be 
summarized as follows:
•  a mean excitation energy of about 3 MeV in deformed rare earth nuclei,
•  a  total strength of on the order of 3 fj.% for mid-shell rare earth  nuclei,
•  a predominantly orbital character,
where the orbited character has been confirmed using proton scattering experiments [122].
The systematic study of a larger number of even-even isotopes in the rare earth region (50 < 
Z  < 82) has shown a  large variation o f the total M l tremsition strength. A maximum of about 3 
(iff exists in the mid-shell region for 168E r and 164Dy and a  minimum of about 0.6 n 2N for the 7 -soft 
nuclei 134Ba and 196P t with almost em pty and almost full proton and neutron shells, respectively. 
This behavior can be interpreted as a  quadratic dependence of the total M l strength on the axial 
deformation param eter /3 and seems to  be valid in the actinide region as well [84]. A more model 
independent description of this feature is the linear relation [97] between the to ta l M l strength and 
the B(E2) transition strength from th e  0+ ground state to  the first 2+ s ta te  divided by Z 2,
-  I f )  [ S. p. u. I =  u g ( S * ° r - j r > [ " - P -  - 1  (5.x,
i
that has been derived empirically by fitting the experimental data. This close relation between the 
M l strength and B (E 2 ;Q f —> 2*) is an  additional argument for the underlying collective nature of 
the scissors mode.
Another generally observed feature of this mode is its fragmentation, th a t is, the breakup of 
the strength among several excited levels tha t are closely packed and clustered around a  few strong
77
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
transition peaks. As an illustration, a  typical experimental spectrum [77] is shown in Fig. 5.1, where
the M l transition strength distribution for 156Gd is given. The spectrum  is dominated by a  strong 
M l transition a t 3.070 MeV and also shows additional transitions w ith smaller strength close to it 
-  corresponding to  the fragmentation of this main state .
fragmentation for different isotopes. For example, only relatively few M l transitions have been 
measured for 160D y as compared to  the spectrum of 158Gd.
To have a  quantitative description for the degree of fragmentation, the following measure has 
been suggested by PietreUa [98]:
where Ex and f i ( M l) ,  are the energy and Ml transition strength of a  particular sta te  and Eac is 
the weighted energy average:
or the size of the  energy interval in which the states lie and thus has the properties one intuitively 
expects for this quantity.
Using Fi for am analysis of fragmentation in even-even rare earth  nuclei shows th a t even within 
an isotope chain the  degree of fragmentation varies strongly. However, an even larger variation
fragmentation increases initially for larger Z  and then decreases slightly for Os and P t which are 
close to a full shell. W ithin an isotope chain, in contrast, an increase in neutrons seems to lower the 
degree of fragmentation.
Whereas the  earliest interpretation of the scissors mode was one of a  collective state , describing 
rotational oscillations of protons against neutrons, the  fragmentation seems to be an additional
A comparison of different transition spectra (see Fig. 5.1) shows a  variation in the degree of
\Et -  E ac\ B (M  1),




The dimensionless measure Fi disappears for a single state and increases with the number of states
exists for different elements, which points to a dependence on the proton number: For actinides the
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Figure 5.1: M l transition spectrum for 156Gd and l60Dy. These experimental results illustrate the 
possible difference in fragmentation for two isotopes th a t differ only by a  proton and neutron pair.
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non-collective feature [31, 104] and the detailed exploration of this interplay between collective and 
non-collective aspects of the nuclear interaction is one of the main topics of this work.
Despite some inherent difficulties, progress in experimental techniques has also made the inves­
tigation of odd-A nuclei possible. Due to the half integer spin of the ground and excited state, the 
angular distributions become nearly isotropic and unambiguous spin assignments are almost impos­
sible. Also, the half-integer spins cause the transitions to become nearly unpolarized and thus one 
cannot extract parities horn NRF measurements.
An additional problem is related to the strong fragmentation of the M l strength which results 
in much smaller peaks for excitations in odd-A nuclei as compared to even-even nuclei.
Some of the few odd-A isotopes th a t have been investigated experimentally [85] are 161Dy and 
163 Dy for which the spectrum of the neighboring even-even Dy isotopes is well known. A comparison 
shows the much reduced transition strength for odd-A isotopes mentioned earlier but also th a t the 
strong transition peaks of the even-even nuclei seem to have counterparts in the spectrum of even-odd 
isotopes which, however, are smaller and much more fragmented, (see Fig. 5.2)
This picture observed in the Dy isotopic chain changes dramatically when going to  the Gd 
isotopes for which the M l transition spectra are also well known in the even-even case. For l57Gd, 
no concentration of dipole strength could be detected in the region of the scissors mode [85]. Instead, 
the excitations are spread over the entire range and a total of 90 ground state transitions were 
observed in the energy interval 1 .9 -4  MeV. Since the sensitivity of the measurements in 161-163Dy 
and 157Gd were comparable, an experimental reason for this difference can be ruled out.
To shed some light on this Gd-Dy problem, measurements on lS9T b have also been performed 
[110]. This odd-proton nucleus links the Gd and Dy chains, and differs from 157Gd and 16lDy by 
one neutron-proton pair. Surprisingly features of both spectra were found in 159Tb, th a t is, a  few 
relatively large transitions and a background of almost evenly distributed smaller ones. Thus, the 
question persists, on weather the different fragmentation pattern in neighboring Gd and Dy isotopes 
and if a  concentration of strength or an  extreme fragmentation the common feature in the deformed
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Figure 5.2: M l transition spectrum  for l57Gd and 161Dy. These experimental results illustrate how 
different the fragmentation is for odd-even nuclei as compared to the one observed for their even- 
even neighbors. For 157Gd, no concentration of dipole strength could be detected in the region of 
the scissors mode. Note the different scale used for the y-axis as compared to  the  previous plot for 
the even-even case.
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odd-A nuclei. To help answer the later question, more data is needed on the deformed nuclei with an 
unpaired nucleon. A discussion based on SU(3) model calculations will follow later in this chapter.
5.2 T heoretica l situ ation
Different theoretical models have been used to  analyze the scissors mode and to explain the different 
features observed. Starting not long after the first predictions for the scissors mode given by the 
Two Rotor Model (TRM) [79, 80, 81], m any calculations in the neutron-proton interacting boson 
model (IBM-2) have been performed to study  the strength systematics and the form factor behavior 
of the scissors mode excitations [34, 67, 120]. Efforts to explain the underlying microscopic structure 
have been made by several groups using different random phase approximation (RPA) calculations, 
with the most active groups in this field from Tubingen [48, 49, 94], Gent [31, 67, 68 , 69] and Julich 
[114, 125, 126],
None of the models mentioned above, however, is able to give a comprehensive description of 
all the different aspects th a t characterize the scissors mode excitation. The collective TRM model 
provides an intuitive picture but predicts only one transition s ta te  and is unable to reproduce a more 
complex spectrum that also includes fragmentation. The IBM-2 model is also not able to describe 
the single particle aspects of the scissors mode. In addition, macroscopic models can not be applied 
to the odd-even case.
Early results from microscopic random-phase approximation (RPA) calculations with realistic 
single particle Hamiltonians [60] did not produce significant collective states. Also, subsequent 
calculations could not increase the collectivity much, so that the  B(M1) strengths of single particle 
states stay  well within the  range of single particle estimates [114, 124]. The RPA calculations, 
however, were able to reproduce the general structure of the fragmentation.
This brief comparison of different theoretical models already indicates that a  theory which a t the 
same tim e can describe non-collective features and the underlying collective nature of the scissors 
mode is necessary for a  realistic description. As was discussed in the previous chapter, the ability
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to account for these two complementary features o f the nuclear interaction is one of the strengths of 
the pseudo SU(3) model which makes it well-suited for an investigation of the M l spectrum.
As one of its advantages, th e  pseudo SU (3) model gives an elegant background for a generalization 
of the geometrical picture associated with the Two Rotor Model (TRM) by allowing one to lift the 
restriction to  axial deformations. The consequences of this generalization will be discussed in the 
next section.
After this discussion of the  SU(3) equivalent of a coupled rotor Hamiltonian, this Hamiltonian 
will be extended by adding single particle terms and pairing, thus introducing the fragmentation of 
the M l transition strength.
5.3 R elation  b etw een  pseudo SU (3) and  Tw o R otor M odel
5.3.1 G eom etric interpretation o f  th e  SU (3) H am iltonian
As has be shown by Rompf [108, 109J, the geometric picture associated with the scissors mode can be 
generalized if the restriction to  axial shapes for proton and neutron distributions is lifted and triaxial 
shapes are considered as well. In this case, rotations of proton and neutron distributions around their 
z-axis emerge as an additional degree of freedom and an additional “twist” mode is possible. Both 
the “scissors” and “twist” mode can be described as excitations in a  two-dimensional, oscillator-like 
potential which for small angles is equivalent to  a general nuclear SU(3) Hamiltonian as will be 
shown in this section. It also allows for a  classification of states with definite 517(3) symmetry in 
terms of the  relative orientation of two rotors and thus can explain naturally the general structure 
of the M l transition spectrum.
The starting point for a geometric interpretation of the SU(3) Hamiltonian is the well-known 
relation of the 517(3) symmetry group to the symmetry group of the triaxial rotor, T5 A 50 (3 ), 
[119, 25]. A similar relation holds in the case of two coupled quantum  rotors and is based on a linear 
relation between the eigenvalues of the Casimir operators of the  rotor group and 517(3). Specifically, 
the irrep labels of total SU (3) can be mapped onto collective variables of the joint rotor system.
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In  order to examine the nature of the scissors mode within the framework o f the  pseudo S U (3) 
model, first a  general SU(3) preserving nuclear Hamiltonian will be rewritten in  term s of the angles 
th a t describe the relative motion of the proton and neutron distributions. In  the  mid-shell region 
the dominant term in this Hamiltonian,
H  =  ciQ -Q  + c2L 2 + c3K l  +  c ^ L \  + c sL l  , (5.4)
is the quadrupole deformation Q -Q  = \C i  — 3L2 which allows one to restrict the model space
to the 51/(3) irreps with maximum C2. In addition, L is the total angular momentum and K l
its projection on the intrinsic body-fixed axis, generating rotational bands and K-band splitting. 
Guided by the notion used in the TRM  [79] that the Hamiltonian can be composed of a rotational
part and a part th a t describes the intrinsic motion of the protons (index 7r) and neutrons (index v),
this Hamiltonian can be rewritten as
H  = Hrot +  Hint , (5.5)
with the rotational part given by
Hrot — aL2 +  b K \ , (5.6)
and the intrinsic part by
H ^ t  = c P -  dC2 - (5.7)





4C2 -  3L- 
i jr  +  L„
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have been used, thus defining the relative o rb ita l momentum, I, th a t appears as a  dynamical variable 
in the Hamiltonian that describes the proton-neutron interaction.
Assuming that protons and neutrons have similar moments of inertia, the  relative angular mo­
mentum I can be related to  the angle 0 between the  main axis of the proton and neutron distribution 
according to the Two Rotor Model [108]
I =  sin(0 ) /+ e x +  cos{d)l-Sy  +  l$ez . (5-H )
where an intrinsic coordinate frame has been introduced following Lo Iudice e t al. [79] as





!_ =  
le =
have been used, so that the kinetic part of the  intrinsic Hamiltonian (5.7) can be written as
P  =  sin2(0 / 2 ) i2 +  c o s 2 ( 0 / 2 )  i t  + .  (5.15)
To simpify this expression where the different degrees of freedom are strongly coupled, a restriction 
to small angles is used, taking into account only terms up to  second order in angular variables,
P  = I t  +  le ~  *2(£ "  l~) • (5 16)
Assuming further, that in the  low-energy region of the nuclear spectrum it is justified to consider
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th a t rotations around either x* or x* are slow, which means (I*) ~  (/?.), simplifies the expression 
for P  simplifies further to:
P  =  l l  +  lg • (5-17)
The next step is to express the potential part of the intrinsic Hamiltonian given in Eq. (5.7) -  
which is the Casimir invariant of 51/(3) -  in terms of the rotation angles 9, 4>r  and 4>u, where 
and <j>v have been introduced to parameterize the rotation around the z-axis of the  proton or 
neutron distributions. This way it can been shown th a t C i can be regarded as a restoring potential 
th a t gives Hint the desired oscillator structure.
The starting point are the invariants of the rotor group Rot{3) =  T5 A 50 (3 ). As for 517(3), 
it has two Casimir invariants, traces of the square Tr((Q c)2) and cube Tr((Q c)3) of the collective 
quadrupole m atrix. The quadrupole m atrix of a  nucleus composed of protons and neutrons is 
calculated as the  sum of the quadrupole matrices of the  separate sub-systems, with the  protons 
rotated relative to  the neutrons.
Under the assumption that both rotors are initially described in their body-fixed principal axes 
frame, the transformation to a  joint coordinate frame can be carried out by rotating the proton and 
neutron systems first about the body-fixed z-axis by an angle and <t>u, respectively, so th a t the 
rotated y' axes and the unrotated y  axes point in the same direction for the proton and neutron 
system. In the second step, a  rotation about this joint axis is performed where the rotation angle is 
given by ± 6/2  for the proton and neutron distributions, respectively.
The quadrupole operator of the joint rotor system in its cartesian representation can thus be 
related to those of each initial distribution according to
Qc =  n{9/2) ■ n Zu(<t>u) ■ q cu •  ■ v r \ e / 2)
+'R.~l (6/2) - K z„{4>*) • Q* • - K(G /2) . (5.18)
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In  this expression, 71(9/2) and 7£z,(0 i) (i =  n ,v )  are rotational matrices
71(9/2) =
( \  
cos 9/2  0 —sin 9/2
0 1 0
^ sin0 /2  0 cos0
(  \  
cos <p i — sin <(>i 0
sin ipi cos (pi 0
and Qi denotes a  quadrupole m atrix in its principal axes frame,
Qia 0  = K 5 <*0 ; t  =  ir , i/ . (5.19)
Hence, the joint quadrupole tensor and the Casimir operators of Rot(Z) become explicitly dependent 
on the relative orientation of the proton and neutron distributions,
T r((Q c)2) =
T r ( ( Q i f )  + T r ( ( Q l f )
+2T r  ( n m z M Q ^ 7 i - } ( < p v) n - \ 9 ) n z,(<pT)Q^nz}(<P,)) , 
T r((Q c)3) =
T r((Q l)3) + T r ( ( Q l) 3)
+zTr(7i(9)nzs<t>u)(Q̂ )2n (̂<Pu)n-\9)n (̂<pv)Q^n (̂<p^
(5.20)
(5.21)
The first and second term in the above equations are simply given by the interia parameters of the
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quadrupole matrices as
T r((Q ‘)2) =  A<i)2 +  A<<)2 +  A<i)2 (5.22)
7Y((Q‘)3) =  3Aii,4* ,j4i> (5.23)
where the A, can be replaced by the  SU(3) labels (Ai,A *») by using the  linear correspondence between 
the invariant measures of 517(3) and the rotor group (see Eq. (3.28)). The other terms in Eqs. (5.20) 
and (5.21) are of more complicated nature and include the rotational angles but can be evaluated 
in a lengthy but straightforward calculation [108]. Since it tu rns out th a t the angles <f>x and 4>u 
always appear as their difference, the expressions can be simplified by introducing the angle <f>- 
which describes the relative difference between the  rotations around the proton and neutron z-axis,
<t>- =  , (5-24)
and is a measure for the “twist” degree of freedom. This extra degree of freedom does not exist in 
the TRM model and appears if a t least one of the  nucleon distributions is triaxial.
In the limit of small angles, neglecting term s of the order three and higher -  which is consistent 
with the analysis for the kinetic energy -  the invariants of the ro tor group can be represented by 
the following expressions th a t depend on the SU(3) parameters (A<, /^) of protons and neutrons 
respectively and the angles 9 and  </>_ that describe their relative orientation:
Tr((Qc(M _ ))2) =  | c 2 + 2
= —2(A*. 4- 1)(A„ + l )92 — 2{fix 4- l)(/it/ + 1) <t>2-  
2
+ 2 [(A*- 4- A„ +  2)2 +  (htt + (!,,+  2)(A, +  Xu 4- 2) 4- (/x» + + 2)2] , (5.25)
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and
r r ( « m * - ) ) 3) =  \ ( C 3)
=  — (A* 4- 1)(A„ + l)(-^ir 4- A„ 4- 2 (/i* 4- /x„) 4- 6) 02
+(/a,t +  l)(/ii/ 4- l ) ( 2 (Air 4- A„) 4- n* 4- 4- 6 ) (fit.
— g((Air +  A„) -  (/It 4- /ii/))
x (2 ((in 4- n u) 4- At  4- A„ 4- 6)(2(A» 4- A„) 4- /i» 4- +  6 ) . (5.26)
Using Eq. (5.25) to express C i in terms of the variables 0 and 0 _ , one can rewrite the  Hamiltonian 
for the intrinsic motion, Eq. (5.7), as a two-dimensional harmonic, anisotropic oscillator with a  
scissors and twist degree of freedom,
H int =  (5.27)
=  (c / | +  3d(AT 4-l)(A„ +  l)5 2)
4- (c/1 4- 3d  (|i» +  1)0** 4- 1) ^ 1 )  4- i?o
=  hug -I- —̂  4- hu)- ^n_ 4- —̂  4- E q , (5.28)
where the constant E q depends on the proton and neutron SU(3) quantum numbers,
Eq = —d [(A* 4- A„ 4- 2)24-
4-(Pir + Hv + 2)(AW 4- A„ 4- 2) (/i* 4- fi* 4- 2)2 — 3] , (5.29)
and the oscillator frequencies ujq and are defined as
u e = N/4 8 cd (A „ .4 -l)(A „4 -l) (5.30)
u/_ =  \/4& cd  (Hr 4- l)(/ii, 4- 1) - (5.31)
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T he general dependence of the oscillator frequencies on the proton and neutron SU(3) quantum
Since a  configuration with A 3 > /r corresponds to  a  shape which is almost axially deformed, a
around the y-axis -  corresponding to  the “scissors” mode. In the triaxial case when A = ft, both 
modes are equivalent and for A <  /r th e  roles of scissors and twist mode are interchanged.
Even though the above relation, Eq. (5.31), for the oscillator frequency u/_ might suggest that 
for the case of two axially deformed distributions -  which in the SU(3) picture corresponds to 
= 0 -  a twist mode is possible since u/_ ^  0 , only a scissors type excitation exists in 
this case. One reason the twist mode is ruled out can be found in the definition of the generalized 
momentum, i_ =  Lx„ — Lx„, of the oscillator that describes the twist mode. In the case of an axial 
symmetry LXw =  LXu =  0 find the variable Z_ disappears.
Another reason is related to the properties of SU(3) eigenstates th a t describe coupled proton 
find neutron systems. As it turns out, two proton and neutron irreps, (A^./t*) and (A,„/*„) can 
only be coupled to  a  limited number of SU(3) irreps, corresponding to a  quantization of the shapes 
possible in the (/3,7 ) plane. An analysis of the corresponding irreps in terms of eigenfunctions of 
the two-dimensional oscillator given in Eq. (5.28), also rules out a  tw ist mode for the axial case, 
A* =  A„ =  0. It also gives further insight in the general structure of th e  scissors mode as will be 
discussed in the following section
For this discussion, the expectation values of 6 and 4>- in terms of SU(3) quantum numbers fire 
needed, which are given by the oscillator structure of the Hamiltonian (5.28) as:
numbers has a natural interpretation in terms of th e  geometrical picture associated w ith SU(3).
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Neutrons Protons
Figure 5.3: Geometric interpretation of “scissors and “twist” mode. In a geometric picture, the  
“scissors” mode corresponds to an oscillation in 6, the angle between the proton and neutron z-axes. 
For triaxial distributions, the difference in the angles th a t parameterize th e  rotation around the  
z-axis for protons and neutrons, 0 _ =  — Vv)j describes a  twist-like oscillation.
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5.3.2 Interpretion o f  th e  eigenstates
The structure of the intrinsic Hamiltonian also allows for an interpretation of the SU(3) irreps that 
are the basis states in the pseudo SU (3) model in  term s of oscillator eigenfunctions. T he starting 
point for this is the  decomposition of the coupled S U (3) into the St7(3) irreps (A*, ft*) and (A„, p u) 
of protons and neutrons according to  the Littelwood rules [30] for coupling Young diagrams. As was 
shown earlier, Eq. (2.69), three quantum  numbers (m , l , k ) [107] have to  be introduced to  express 
the allowed product configurations in mathematical terms,
(^ »  /* ) =  C ^x>  A*ir) ®  P v )
=  ©  (A* +  A„ -  2m  + I, +- p u -  21 +  m) , (5.34)
where the param eters k, I and m are defined in a  fixed range given implicitly by the values of the 
initial 517(3) representations.
In this formulation, the coupled SU(3) irrep (A, p) turns out to be independent of k. Hence, 
k  serves to distinguish between multiple occurrences of the same (A,p )  in the tensor product. 
The number of k  values allowed corresponds to  the  maximum outer multiplicity index pmax (p =
1» 2, ■ • •, P m a x ) -
Assuming the  nucleus consists of two overlapping ellipsoidal mass distributions, one for protons 
and one for neutrons, the geometrical counterpart of the SUW(3) x St7„(3) D 517(3) reduction above 
is given by an expansion of the product (/?*■, 7*) ® (Pu, 7 i/) in terms of quadrupole mass distributions 
(p , 7 ) of the system as a whole. To determine th e  (/?, 7) value of the joint system, one can use the 
three parameters 8, <j>u and <f>w in additional to th e  shape variables of the individual proton-neuron 
distributions. These extra param eters are required to specify the relative orientation of th e  proton 
and neutron principal axes sub-systems. Pictorially, changing the system’s deformation can then 
be considered to  correspond to  a  change in the relative angles of orientation of the principal axes 
of the proton and neutron sub-systems. While from a  geometrical point of view the nuclear shape
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is a  function of the relative orientation angles o f the  protons and neutrons, the (A,/i) «-► (0 , 7 ) 
correspondence implies the dependence of (0 ,7 ) on the SU(3) decomposition parameters, m and I, 
introduced above in Eq. (5.34). Due to this triangle-like relation, a  mapping can be derived which 
associates th e  set of angles with the parameters m  and I. This finding suggests a  natural way to 
relate the coupled rotor to the harmonic oscillator in terms variables 9 and <t>~ = — <t>u) that
has been introduced in Eq. (5.28) as an approximation for the proton-neutron interaction.
To find an  interpretation of the  coupled SU(3) eigenfunctions in term s of oscillator eigenfuctions, 
the above equation (5.34) can be used to express the 517(3) operators C2 and C3,
(C2) =  A2 4  An  4  (i2 4- 3(A 4  fi) ,
(C3) =  (A -  /r)(A + 2(i + 3)(2A + (i +  3) ,
using the proton and neutron SU (3) labels so th a t  (C2) takes on the  form
(C2(m,i)) =
=  (Aff 4  A „)2 4  (/r* 4  ( i v ) {  A» +  A„)
+{(iv + Hu)2 + 3(AW +  A v + H* + Hu)
3 [m(A*. -I- A„ +  1 — m ) 4- l(/i» 4  Hu 4-1 +  m  — i)] . (5.35)
Proceeding as above to determine the expectation value of the th ird  order Casimir operator, C3, in 
terms of the  decomposition parameters, one finds its dependence on m  and I to  be
(C3(m ,0 ) =
=  ^ (A « . 4  A„ — ( h *  +  Hu)  4  3(1 — m ))
x (2(Afir 4  Hu)  4  A» 4  A„ — 3(1 — 1))
x  (2(A*• 4  Aw) 4  Hk 4  Hu — 3 (m  — 1)) . (5.36)
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On the other hand, expressions for C i and C3 in terms of the geometric parameters 0 and 0 -  can 
be derived from Eqs. (5.25) and (5.26):
(C2(0,<t>-)) =
=  (Ax 4- A„ 4- 2)2 4- (/*x 4- Hu +  2)(AX 4- A„ 4- 2) 4- (/i» 4- n v 4- 2)2 
- 3  (4(AX 4- 1)(A„ 4-1) 62
+  (A4!/ +  +  1 )0 - +  l)  1 (5.37)
<C3(0 , 0 -)> =
=  2 7 ^  +  ~  +  l * v )  + A» 4- A* 4- 6)
x(2(Ax 4- A„) 4- 4- fiu 4- 6)
—— (Ay 4- 1)(A„ 4-1) (Ax 4- A„ 4- 2 4 -  Hu) 4- 6) 02
4-—{fM* 4- 1)(a*i/ +  1) (2(AX 4- A„) 4- /ix 4- fiu 4- 6 )<f>2_ , (5.38)
which can be solved w ith repect to d2 and 0 2 to give
2 _  4(2(AX 4- A„) 4- 4- /x„ )3 — 27C3 — 12(C2 4- 3)(2(Ax 4- Au) 4 - ^ 4 -  fiu)
432(Ax 4- 1)(A„ 4-1) (Ax 4- A„ 4- 4- 4- 4)
2 _  4(AX 4- A„ 4- 2(/Xx 4- fiu))3 4- 27C3 — 12(C2 4- 3)(Ax 4- A„ 4- 2(/ix 4- pu))
432(^x 4- l)(Mi/ 4-1) (Ax 4- A„ 4- p* 4- /*„ 4- 4)
Using the expression of the eigenvalues of C2 and C 3 in terms of the 517(3) irrep labels given in 
Eqs. (5.35) and (5.36), one finally arrives a t a solution for the expectation values as a  function of 




_  (m 4- l)(Ax 4- A„ — m  4- 1) 
(A, 4- 1)(A„ 4-1)
(Ax 4- A„ 4- n* 4- fiu +  3 — Q 
(Ax 4- A„ 4- A»x 4- fiv 4- 4)
_  (1 ~F l)(/*ir 4- 4- 2 4- m  — /)
(/ix 4- l)(/i„  4-1)
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(Ay + Xu + [i* + fiu -4-3 — m) 
(A , +  A i, +  a*x +  +  4)
where certain restrictions apply to the param eters m and I th a t come from the  application of the
Littlewood rules [30].
Consistent with the derivation used to rewrite the internal Hamiltonian into an oscillator like ex­
pression, Eq. (5.28), an approximation of the above expression for small values of the decomposition 
labels (m <§: Ax +  A„ and I « : ^  + n„) can be derived, where 92 and <t>2_ behave as linear functions 
of only one of the  parameters.
that relate the oscillator quanta n_ and ng w ith the decomposition parameters I and m  are suggested. 
These results now allow for an interpretation of the different 1+ states for which scissors modes
5.3.3 Classification of coupled SU (3) eigenstates
W ith the interpretation of the coupling param eters I and m  in term s of the oscillator quanta n_ and 
ng each SU(3) irrep, (A, (m) =  (A» +  A„ — 2m + 1, Hk +  \iv — 21 +  m ), can be interpreted as an excited 
sta te  of a  two-dimensional oscillator.
The leading irrep of the decomposed 517(3) tensor product,
(5.41)
(5.42)
with constants Qq and 4>q. By a  comparison of the arguments of 02 in (5.32) and (5.41) as well as 
< in (5.33) and (5.42), the associations
I =  n _ , m = ng (5.43)
are observed in terms of a scissors and twist mode within the framework of the pseudo SU(3) model.
(A, fi) =  (A, +  A„, /ix 4- Hu) (5.44)
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which corresponds to (m , I) = (0 , 0 ), is always associated w ith a minimum in the relative angular 
displacements. In the even-even case -  to which we can restrict our discussion without loss of 
generality -  this so-called “stretched” configuration contains the 0+ ground state. For this coupling 
the proton and neutron distributions overlap maximally, generating maximum deformation of the 
system. Any other value for m  and I corresponds to a  specific expectation of the angular variables, 
9 and <£_ which, in tu rn , is related to  a  well-defined energy associated with the intrinsic motion.
The configuration
(A , fi) -  ( A ,  +  A „ -  2, ft*  +  t*v +  1) ( 5 .4 5 )
is the first scissors-like configuration. In the prolate case, A» >  fti, it is always part of the  tensor 
product decomposition and  contains a J*  =  1+ state which is the bandhead of a rotational band 
with K  = 1. Its corresponding 51/(3) coupling parameters are (m,l) =  (1,0). Thus, it only excites 
the 6 dependent motion by one quanta and thus corresponds to  the scissors mode of the TRM .
A generalization of th is picture is possible if one allows for triaxial proton or neutron distributions. 
In the 517(3) model a  triaxial deformation corresponds to  an SU(3) irrep, (Ai,tH), in which both 
quantum numbers are non-zero. In this case a  second scissors state appears which is given by
(A , ft) =  (A*, -F A „ -  1, ft*  +  i iv -  1) ( 5 .4 6 )
or (1, 1) in term s of (m, I). According to the  underlying geometrical picture, this structure is pro­
duced by superimposing a  0 _ twisting motion on top of the  lowest scissors configuration. Since
these modes are identical except for their to ta l 517(3) irrep, their energy difference is a  result of 
different intrinsic motions.
The most general setting is given if all SU(3) quantum  numbers are non-zero, i. e. if both 
the proton and neutron distributions are triaxial. Then a  third 1+ sta te  can be identified that 
corresponds to  (m ,i) =  (0 , 1):
(A , ft) =  (A »  4- A„ +  1 , fi*  +  fi„ — 2 ) . ( 5 .4 7 )
9 6
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It differs from the  first two not only in its intrinsic energy but also because it belongs to  a  K  =  0 
band.
In addition, in the triaxial-triaxial case one obtains a  fourth scissors state  which also is a  scissors 
plus twist excitation, (m ,l) = (1, 1), and differs from the first combined scissors and twist mode, 
(A , fi )  =  (A „  4- A „ -  1,/x* +  p„ -  1), solely in its value of the outer multiplicity parameter p. The 
interesting question if this outer multiplicity param eter th a t distinguishes the two states reflects 
some underlying physics will be discussed later in th is chapter.
As has been shown earlier [24], the maximum number of SU(3) irreps that contain a  J 1  =  1+ 
state  and at the same time can be coupled to the  ground sta te  irrep (A, p.) = (A* +  +  p„)
by the orbited part of M l transition operator, which has a  (1,1) tensor character, is four. Thus, all 
possible scissors mode can be classified according to  the scheme given above.
5.3.4 M l transitions in  the pseudo SU (3) m odel 
T h e  tra n s it io n  o p e ra to r
To determine the M l transition strength between two specific eigenstates, the operator,
(5.48)
with the single particle terms,
La =  E O T
i
t
has to be evaluated.
Since other theories use effective ^-factors, it has to be noted tha t in this work the “bare” orbital
and spin g factors for protons and neutrons are used:
g° = 1, g°v =  0 and g3v  =  5.5857, gsv =  -3.8263 . (5.49)
97
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
To evaluate the M l transition operator for eigenstates given in a  pseudo SU(3) basis, the pseudo 
SU(3) tensorial expansion of the expression given in Eq. (5.48) is needed. As is shown in Appendix 
A.5, th is expansion has the form




r t - - ic wX [a( ,̂0);l/2 ® a(0, .̂0);l/2j - (5 .5 1 )
where the tensor expansion coefficient Ct is the sum of Q  and C „  the coefficients for the orbital 
and spin angular momentum, respectively. They are given as
Ci(rj;(\o,tio),Ko,Lo,So) =
=  £ £  [2(21 + 1)1(1 +  l ) / ( 2j  +  l )]1/2 • 
i if
x I, I; fja; A0, fio, /to, L0l S0)
1 0 1
(5 .5 2 )
Cairn { \q, (io), *0, Lo, So) =
=  [(3/ 2x 21+ i ) / ( 2j + i )]i/2 4
I if
x L h fjo', A0, fio, /to, Lo, S0) ,
I h\  3
I i  f
O i l
(5 .5 3 )
where the abbreviation
B(j, f .  I, I; 7ja; A0, A), «o. L0, S0) =
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X((*?. 0 )l; (0, i7)/'||(Ao, jio)KoLo) (5.54)
has been used.
If the spin of the initial and final wavefunction is 0, the pseudo expansion for T h  simplifies 
drastically. In this case the pseudo expansion reduces to  ju st one coefficient which is a (Ao,/io) =
(1,1) pseudo SU(3) tensor,
Ci(ij;(\o,fiQ),Ko,LQ,So) = C(fj, (1,1)1,1,0) , (5.55)
and comes from the proton orbital momentum. (Numerical values for this coefficient, depending on 
the pseudo shells fj can be found in [24]). In this case the action of the normal angular momentum 
operator L  in the pseudo space is thus given by its pseudo counterpart L.
The reduced m atrix element for the M l transition operator in its pseudo expansion -  the “tilde” 
for the pseudo space quantum  numbers will be suppressed from now -  between strong-coupled SU(3) 
wave function is given as
( ^ l i r ^ M ) ! ^ )  =
=  x/3/47T E E  E E  Ct(V<r'i (^0> A*o)» «0 , £o, ^o)
Ao.Po La,So «o
x < ^ ii i< S 5 r>!ab"fc“ 1n^>
=  n / 3 / 4 t t ^  ^ , c t(v*;(*o,t*o),Ko,Lo,So)
v Ao.Mo LotSo *<*
x (■̂ o,A‘o)«oJbll(A,,M/)K/^ ,)p/
Pt
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where the abbreviations
* E
(A,r,Pir) (^r> P r) (Aw tPw') Pit 
(A„, /1|/) (Aa,/li) (An i /loO Pi/ 
(A, p) (Ao/io) (A',p') p/
p i p '
* <  { / , } ( A * ' , aO  I I I K ^ ^ I I I  { / a } ( A f f , p „ )  > (5.56)
w;(Ao»po);5o»*/o—i _KoLq «o£o[ a (»7</.0);l 
U 'l  =  < {A }(A ;,p ;),{ /,} (A L ,p ',);P /(A, ,P ,K i i 'S ,J , l 
1 0 )  =  I { / i r } ( A „ p » ) , { / u } ( A 1/, / i v ) ; p ( A , p ) K l i 5 J )
for the  one-body unit tensor and the  initial and final wavefunctions have been used and the pa­
rameters (Ar , Hr) and (Aa, fis) introduced in the 9-(A,p) symbol are (A r,/^ ) =  (Ao,po) [(0 , 0 )] and 
(Aa,fia) =  (0 , 0 ) [(Ao,po)] for a  =  it [//]. For the evaluation of the trip le barred m atrix elements and 
the SU(3) recoupling coefficients computer codes are available [6 , 36].
Having given the expressions for the Ml transition operator in the  pseudo SU(3) basis, a pro­
cedure to  determine the pseudo SU(3) quantum numbers for a particular nucleus will be discussed 
next.
T h e  p se u d o  SU (3) basis s ta te s
To select an appropriate set of SU(3) basis states for a specific nucleus, we first determine its 
deformation by finding the parameters 0  and 7  for which the generalized Nilsson Hamiltonian [96],
ho =  hoac + C 1 - s +  D  I2 -  m  u 2 r2 /3[Y02 +  ^ £ ( Y 22 +  Y l 2)\, (5.57)
v 2
with a  0  and 7  dependent oscillator frequency u ,
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u (0 ,  7) =  w0( l  +- ^ / ? 2 -  j ( ~ ) *  cos3 3 7 ) * , (5.58)4x  4 ir
gives the lowest total energy of the combined proton and neutron systems.
By filling the single particle levels for this deformation pair-wise from below, one then determines 
the number of valence-space nucleons in the normal and unique parity levels, the latter being intruder 
states that are pushed down into the valence space from the next higher shell by the strong spin-orbit 
interaction. In the rare earth region the normal parity spaces are built by single particle orbits of 
the pseudo harmonic oscillator shells N  =  3 for protons and N  =  4 for neutrons. The corresponding 
unique parity intruder levels are hi 1/2 a&d *13/2 states, respectively. T he dimension of these spaces 
is thus given by:
Protons: flTr =  20, QA =  12, ftfrt =  32
”  A . (5.59)
Neutrons: =  30, 0?A =  14, fi£>t =  44
An overall simplifying assumption made in most pseudo SU(3) model calculations is that the 
relevant dynamics can be described by taking into account the nucleons in the normal parity sector 
only [45]; the nucleons in intruder states (unique-parity sector) are assumed to follow in an adiabatic 
manner the motion of the nucleons in normal-parity sector with their effect represented through a 
reparameterization of the theory.
In the SU(3) symmetry lim it the quantum numbers for the ground state proton and neutron 
configurations are given by the so-called leading irrep for the given particle distribution. This leading 
irrep corresponds to a shape with maximum deformation and is characterized by the maximum 
number of quanta along the z-axis and the maximum of the maximum of the remaining quanta 
along the x-axis. The SU(3) quantum  numbers are then given by
A =  ^ n 2 - £ * * ,  M =  (5-60)
For the even-even rare earth nuclei discussed here, the particle distribution and the corresponding 
leading SU(3) irreps for protons and neutrons are given in Table 5.1.
A more complicated procedure is necessary if all possible SU(3) irreps for a  certain particle 
configuration have to be determined. Computer codes that generate these basis states according to
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Table 5.1: Deformation and occupation numbers for rare earth  isotopes, which are used to determine 
the SU (3) states basis for these nuclei.
Nucleus 0 7 n N n A n N n A SUV{ 3) SUU(Z)
154Sm 0.30 0° <  7  <  4° 6 6 6 4 (12,0) (18,0)
156Gd 0.30 0° < 7  <  6° 8 6 6 4 (10,4) (18,0)
l58Gd 0.31 0° < 7  <  4° 8 6 6 6 (10,4) (18,0)
160Gd 0.29 0° <  7  <  4° 8 6 8 6 (10,4) (18,4)
l80Dy 0.31 0° <  7  <  6° 10 6 6 6 (10,4) (18,0)
162Dy 0.28 0° < 7  <  4° 10 6 8 6 (10,4) (18,4)
164 Dy 0.28 0° < 7  <  4° 10 6 10 6 (10,4) (20,4)
196 p t 0.11 0° <  7  <  60° 16 12 22 14 (2 ,8) (4,18)
the reduction U(Sl) D SU(3) are publicly available [6] and can be used to select a  larger basis. At 
this point of the discussion however, where the SU(3) symm etry limit is investigated, the leading 
irrep will be sufficient.
5.3.5 Algebraic results for M l transition strength
The generalized picture for the “scissors” m ode introduced above distinguishes three different cases 
for which examples can be found in Table 5.1. An example for the case of two coupled axial rotors 
is 154Sm where the proton and neutron irreps are (12,0) and (18,0) respectively. The only possible 
j i r =  i+  state with a non-zero Ml transition probability to  the 0+ ground sta te  is given by the 
SU(3) irrep (28,1). In the SU(3) model interpretation discussed above, this irrep corresponds to a 
scissors mode with the excitation quanta in term s of an oscillator, Eq. (5.43), given as (m, I) =  (1 ,0).
As it turns out, a simple analytic expression for the M l transition strength of a  scissors state, 
(A„ +  A* -  2, n u +Mir +1), can be given in term s of the proton and neutron SU(3) quantum numbers,
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which in the  case of two prolate deformations with /** =  fiv =  0 reduces to
(5.62)
For 154Sm the  theory thus predicts one M l transition, B (M 1;0+ -* 1+ ), with a  strength  of 3.56 (£■ 
An example for the axial-triaxial case is 156Gd for which the proton SU(3) irrep is (A*,/*,) — 
(10,4) -  corresponding to a triaxial rotor -  and the  neutron SU(3) irrep is (A„,Ai„) =  (18,0) -  
corresponding to  an axial deformation. In addition to the scissors mode, a  “scissors plus twist” 
excitation, (m ,l)  =  (1,1), with the SU(3) quantum numbers (A„ + — I, + fj^ — 1) is possible
if one of the nucleon distributions is triaxial. An analytic expression for the  M l transition  strength 
of the “scissors plus twist" mode is given by
B (M 1;0+ — 1+ )
4tt (A* +  Am +  n*)
K K H ir
(Mit +  1)
+  A vfar (5.63)
Since the neutron distribution is axial symmetric, a  pure twist mode th a t requires a  ro tation of the 
neutron distribution around the  body fixed z-axis is not possible. In combination w ith  a  scissors 
mode, however, the rotational symmetry for the neutron is lifted and twist type m otion becomes 
possible.
An example for the most general case of two coupled triaxial rotors is l60Gd. For this config­
uration a pure “twist” mode is possible, which corresponds to a (m, I) =  (0 , 1) excitation with the 
SU(3) quantum  numbers (A„ +  A» +  1 ,(i„ + ft* — 2). The analytic expression for the  M l transition 
strength of this “twist” mode is given by
B (A fl;0+ — 1
+)tw ~  I  [ (A,, +  A^ +  2 )0*1r +  y-v ~  1) (Air +  A„ 4- 1) f4 f (5.64)
which is related to the corresponding expression for the  scissors mode, Eq. (5.61), by an  interchange 
of the A and fi quantum numbers. For a  prolate shape where A > /*, the  M l transition strength of
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Table 5.2: Leading irreps of the pseudo S U (3) scheme for three rare earth nuclei and the corre­
sponding strong-coupled 517(3) irreps associated with the ground-state band and the allowed 1+ 
states that connect via the M l  operator to the  ground state. Each transition is labeled as a scissors 
(s) or twist (t) or combination mode.
(A*, Mir) (A«,, Pu) (A, p)g.s (A',mV B (A fl,0+ — 1+)
154Sm (12, 0 ) (18,0) (30,0) (28,1) s 3.56f a
156Gd (10,4) (18,0) (28,4) (26,5) s 1.91 p%
(27,3) s+ t 1.61 p%
l60Gd (10,4) (18,4) (28,8) (29,6) t 0.56 p%
(26,9) s 1.77p%
(27,7)! s+ t 1.82Pff
(27,7)2 s+ t 0.083p 2N
the “scissors” state is thus larger than the one of a “twist” s ta te  which is in agreement with the  
geometric picture for these modes given above.
In addition to the pure scissors and twist excitations two “scissors plus twist” modes, (m, I) =
(1,1), are associated with the case of triaxial proton and neutron deformations. An analytic expres­
sion for the to tal Ml transition strength of the  two “scissors plus twist" modes, (A„ +  Aw — l ,p „  +  
H-k — 1), th a t differ only by the outer multiplicity label p, is given by
£ B (A /l;0 + - l t ) sc+tw =
. (5-65)
3 1 \p ^ n v\  , K X up  , x , x
T—T ~ — T 7 T  +  T T  +X + p  [ A + 1  M +  l
where the abbreviations A =  A* +  A„ and p  =  p*  +  p v have been used.
The question of weather an analytical result exists for the individual “scissors plus twist” M l 
transition strengths remains open and is closely related to the im portant question about the physical 
significance of the outer multiplicity label p.
Using the  expression given in Eq. (5.56) to  compute the M l transition strength, it can be shown 
that the results for the two “scissors plus tw ist” states are very different. In the case of 156Gd for
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example, these values are
B (M l;0 + —* l + )jC+tiol =  1.82,4,
B (A fl;0+ —* l + ) jC+hoa =  0 .0083,4 , .
Other calculations for triaxial-triaxial isotopes [24] also show M l transition strengths for these two 
states that are either large -  slightly larger or slightly smaller than the M l transition of a  “scissors” 
mode -  or very small.
As can be seen in Eq. (5.56), the only difference in the reduced m atrix elements for the M l 
strength of the two “scissors plus twist” modes is a  change in the multiplicity label p  th a t enters 
the SU(3) 9-(A,/i) symbol. Since a 9-(A,p )  recoupling coefficient can be rewritten as a  stun of 
Clebsch-Gordan coefficients, the difference in transition strength reflects the dependence of the 
Clebsch-Gordan coefficient on the outer multiplicity label p  -  a parameter th a t has no counterpart 
in angular momentum theory where the coupling of to  angular momenta is unique. The p dependence 
reflects a  phase convention made by Draayer and Akiyama [36] in their definition of W igner and 
Racah coefficients for SU(3).
Other phase conventions are possible, however, and recent results by Filippov and and Lisetskyi 
[51, 50] suggest the  following two expressions for the individual Ml transition strengths of the two 
“scissors plus twist” modes that give the same total strength as the expression in Eq. (5.65) but 
differ from the computational results th a t are based on the phase convention introduced by Draayer 
and Akiyama
o* [aw v  +  *  f e t i s ]  A  (5.66)
B (M 1 ;0 + -  +  +  & & £ ]  A  ■ (5-67)
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Table 5.3: Total B(M1) transition strengths \fi%] as given by experiment [77) and pseudo SU(3) 
model calculations without symmetry breaking term s.





160 Dy 2.48 3.52
l62Dy 3.29 4.23
164 Dy 5.63 4.36
The physics related to these different results has to  be explored in  future work.
5.3.6 T he pseudo SU (3) sym m etry lim it and experim ent
The analytic expressions for the M l transition strength  given above can be used to  determine the
total M l transition strength in the pseudo SU(3) symmetry limit. For some well-deformed isotopes 
for which the SU(3) model is expected to work well, these results for the  total M l strength  together 
with experimental results are given in Table 5.3.
A comparison of the experimental and theoretical results shows, in general, good agreement, thus 
giving evidence for the underlying collective nature of the “scissors” mode, since the  pseudo SU(3) 
model is closely related to the rotor model.
The underlying collective nature of the scissors mode is also reflected in the structure of the 
experimentally observed Ml transition spectrum. Even though th e  number of experimental observed 
states is larger than  the maximum of three states w ith strong transitions predicted by a  model tha t 
preserves SU(3) symmetry, each clusters of states can be associated with a “scissors” , “twist” or 
“scissors plus twist” state as is illustrated in Fig. 5.4.
How a  more realistic description of the experimental observed spectrum  is possible within the
framework of the pseudo SU(3) model is the topic of the next section.
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Figure 5.4: Interpretation of M l transition spectrum in term s of “scissor” and “twist” modes. For 
comparison the experimental M l transition spectrum for 160Gd is given w ith the one given by 
a pseudo SU(3) Hamiltonian without any SU(3) sym m etry breaking terms. As can be seen, the 
clusters observed in the experimental spectrum  can be associated with the “scissors” , “twist” and 
“scissors +  tiwst” modes predicted by the SU(3) theory.
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5.4 C alculations w ith  a  realistic H am iltonian
To describe the experimentally observed fragmentation of the  M l transition spectrum, th a t is, the 
breakup of a  strong transition among a  cluster of closely packed states, SU(3) symmetry breaking 
term s have to be added to  the Hamiltonian.
An obvious choice for those terms are the proton and neutron pairing which describe the short 
range part of the nuclear interaction and are known to  play an important role in a realistic nuclear 
model. The importance of the single particle spin-orbit and orbit-orbit term s in the single particle 
model also suggests one should include these one-body operators. Since the  spin-orbit term  doesn’t 
contribute in the S =  0 case, however, it will not be used in the investigation of even-even nuclei.
Thus, the following generalization of the SU(3) conserving Hamiltonian was used to investigate 
the effect of the symm etry breaking interaction terms
HpsU( 3) =  _  (“2 +  &sym)C2 +  a.zCz +  bK \ + cL2
+ * > » £ '? . + a . S X
iu
-G ifH p  -  GvH p  . (5.68)
Here C i and Cz are the  second and third order invariants of SU(3), which are related to  the axial 
and triaxial deformation of the nucleus, and L2 and K \  are the square of the angular momentum 
and its projection on the intrinsic body-fixed symmetry axis, which generate rotational bands and 
ATt-band splitting, respectively. The parameter a3ym is introduced to shift SU(3) irreps with either 
A or fi odd relative to those with A and /x both even, for which a Jym is zero, as the former belongs 
to different symmetry types (Ba , a  =  1, 2, 3, rather th an  A) of the in tr in s ic  Vierergruppe (£>2) [78]. 
The one-body proton and neutron angular momentum terms, together w ith the two-body pairing 
terms, H p  and H p , are SU(3) symmetry breaking interactions.
Since the quadrupole-quadrupole interaction, Q Q = 4Cz — 3L2, dominates for deformed nuclei, 
only basis states with C% larger than  a  certain value are expected give a  significant contribution
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in the low-energy region. In the present application, for both proton and neutron distributions, 
all SU(3) basis states with C? >  were selected with C?m.n set so tha t all irreps lying below
approximately 6 MeV were included in the analysis. Then all possible couplings of these, typically 
three or four, proton and neutron SU(3) irreps were taken to give coupled SU(3) irreps that form 
basis states of th e  model space. Also, only states with J  < 8  and S  — 0 were considered for the 
investigation of the even-even case. Since experimental results show the mainly orbital character of 
the J n = 1+ states in the energy region between 2 and 4 MeV and S =  1 states only for energies 
above 6 MeV, these restrictions seem to be justified.
The parameters for the Hamiltonian given in Eq. (5.68) and the  effective charges e* =  1 +  qeg  
and e„ = q eg  used in the E2 transition operator
T l(E 2 )  = A l ' 3 Y ,  £ ^ r 2 ( i) iW < r ( i ) )  (5-69)
a=ir,i/ t
were determined through a fitting procedure that included as input all known levels with J  <  8 up 
through 2 MeV in energy and selected B(E2) transition strengths. This procedure gave, in general, 
very good agreement between the experimental and theoretical numbers (Figures 5.5, 5.6 and 5.8), 
which gives an indication of the goodness of the pseudo SU(3) model in this mass and energy region.
5.4.1 R esults for even-even Gd and D y  isotopes
A first test for the  generalized Hamiltonian introduced in Eq. 5.68 were calculations for the even- 
even 156~160Gd and I60-I64Dy isotopes for which the experimental da ta  are well established [77]. 
As deformed nuclei in the mid-shell region they are expected to be well suited for a  description by 
the pseudo SU(3) model.
Results from the fitting of the low energy spectrum in the energy region up to  2 MeV, Figs. 5.5 
and 5.6, confirm this assumption and give, in general, a good description for the different bands. The 
experimental and theoretical results for the E(2) transition strength th a t were used in the fitting
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Table 5.4: Hamiltonian parameters. The parameters for the even-even 15a-l60G d and 160-164Dy 
isotopes and I63Dy derived from th e  fitting procedure. An effective charge was used in the  calculation 
of the B(E2) transition strength.
Nucl. a t a »ym 0 3 6 c A r D u G tC'V « e ff
l56Gd 0.0230 0.0008 77.2*10“ ® 0.0121 0.1435 0.0756 -0.0724 0.1052 1.3119
ISSQd 0.0245 0.0006 80.4*10“ ® 0.0080 0.2259 -0.0738 0.0478 0.0685 1.3634
160Gd 0.0224 0.0004 39.4*10“ ® 0.0085 0.1871 0.0271 -0.0817 0.1096 1.2361
160Dy 0.0212 0.0008 9.1*10“® 0.0127 0.0517 0.0798 -0.1134 0.1386 1.2000
162Dy 0.0218 0.0005 36.3*10-® 0.0070 0.1421 -0.0835 -0.0470 0.1245 1.2486
I63Dy 0.0103 0.0000 13.7*10-® 0.0091 -0.0121 0.0000 -0.0267 0.0004 1.203
164 Dy 0.0233 0.0001 46.2*10-® 0.0083 0.1005 -0.1116 -0.1309 0.0879 1.2053
Table 5.5: Total B(M1) transition strength [/r^] as given by experiment [77] and calculation. Ex­
perimented and theoretical values [e262j for the ground band B(E2,0jl" —* 2* ) transition strengths 
are also given.




- 2+) [eV ] 
Theo.
1&0Gd 3.40 2.91 4.66 4.79
l58Gd 4.32 3.02 5.02 5.23
160Gd 4.21 3.29 5.19 5.00
160 Dy 2.48 3.20 4.98 4.87
l62Dy 3.29 3.19 5.22 5.14
164 Dy 5.63 3.38 5.57 5.37
1 9 6 p t 0.69 1.27 1.40 1.56
routine can be found in Table 5.5. The eigenvectors given by this fitting procedure were then used 
to determine the  structure of the  M l transition spectrum.
As expected, the SU(3) sym m etry breaking terms in the Hamiltonian lead to  a  break-up of the 
M l transition spectra into relatively closely packed levels centered around the sharp  peaks of the 
pure SU(3) limit of the  theory. In  particular, it seems th a t pairing is essential for a  proper description 
of the fragmentation of the M l strength. A noteworthy feature is th a t the rotational structure of 
the low-energy spectrum given by the pure-SU(3) model survives the m ixing  induced by the pairing.
More specifically, one finds a  number of transitions that, in general, are very close to  the ex­
perimentally observed ones, varying from five for 162Dy to eleven for 156Gd, which tu rn s out to be
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in good agreement w ith the experimental result for these cases. Also, for most of the nuclei, the 
centroid of the experimental and theoretical M l transition strength distribution lie at about the 
same energy, so that good overall agreement is obtained. The to ta l M l strength, which for the  full 
Hamiltonian is a bit lower then for its pure SU(3) limit due to  destructive interference associated 
with the mixing (see Table 5.5), also shows reasonable agreement w ith the experimental results, in 
most cases slightly underestimating them . One possible reason for this discrepancy is the missing 
spin 1 admixture in our wave functions.
A plot of the total M l strength versus B(E2,0* —* 2 f ) / Z 2, Figure 5.7, shows th a t the theoretical 
results found for the even-even Gd and Dy isotopes are in agreement with the  empirically found 
linear relationship between these two observables.
In summary, the pseudo SU(3) results give a  very reasonable description of the fragmentation 
observed in even-even Gd and Dy isotopes, which show a t  least the  same quality as the corresponding 
QRPA calculations by Zawicha and Speth [125].
5.4.2 Results for the  7-soft l96P t
As was mentioned in the  introduction for this chapter, very recent experimental results [22] have 
also confirmed the existence of the scissors mode for the  7 -soft rotor 196P t. In  order to explore the 
limits of the pseudo SU(3) model, this nucleus has also been included into our investigation.
Following the same procedure as used above for the  even-even Gd and Dy isotopes, as the 
first step a fitting procedure was used to  obtain the Hamilonian parameters and eigenstates while 
reproducing the low-energy spectrum for energies to about 2 MeV.
The results (see Fig. 5.8) show th a t the  pseudo SU(3) model indeed is able to  give a reasonable 
description of the 196 P t  spectrum which does not show rotor but rather vibrator characteristics. Also, 
a relatively small value for the B(E2,0jh —* 2*) transition strength was obtained which is about a 
factor three smaller than  the corresponding results for G d and Dy isotopes bu t still overestimates 
the experimental value by a  factor of two (see Table 5.5).
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Figure 5.5: Low-energy and M l transition spectra for the even-even l56-l60G d isotopes. Exper­
imental excitation energies and E2 transition strengths were used as input in a  fitting routine to 
determine parameters of the  Hamiltonian for each system. These were then used to calculate the 
theoretical spectrum and corresponding M l transition strengths.
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Figure 5.6: Low-energy and M l transition spectra for the even-even 160_164Dy isotopes. Exper­
imental excitation energies and E2 transition strengths were used as input in a  fitting routine to 
determine parameters of the Hamiltonian for each system. These were then used to calculate the 
theoretical spectrum and corresponding M l transition strengths.
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Figure 5.7: Relation between B(M1) and B(E2) values. The results for B(M1) and B(E2) values 
for 156_160Gd and 16° - 164Dy (without error bars) as given by our calculation are plotted together 
w ith the experimental values. The dashed line indicates the  linear realtionship prediced by IBM 
sum  rules.
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In  this case a relatively strong pairing interaction w ith =  0.23 MeV was found to  mix 
different SU(3) irreps and produce the  required soft rotor results with its weaker E2 transition 
strengths. An analysis of the 0+ ground state  shows tha t it is a  mix of three SU(3) irreps th a t are 
coupled from the proton irrep (Ax,/iw) =  (2,8) and the neutron irrep (A„,/i„) =  (4,18):
40.5% of |(6 ,26 )), 9.5% of |(2 ,28 )), 49.8% of | (8,22) ), (5.70)
so th a t the “stretched” representation (6 , 26) is not the dominate one. This result is in agreement 
w ith the analysis of Bahri [4, 46] who found th a t the pairing interaction drives th e  nucleus to  a  more 
triaxial shape, thus softening it.
In contrast, for a well-deformed nucleus like 156Gd the pairing interaction is smaller by about a 
factor of two, (?*,„ =  0.105 MeV, and the contribution of the leading irrep to  the  0+ ground s ta te  
is 85 % with the next largest contribution being 4 % .
The structure of the theoretical M l transition spectrum compares favorably w ith the experimen­
ta l results, giving a relatively large transition strength in the energy region around 2.5 MeV and 
two smaller transitions a t 3.1 and 3.6 MeV. The total M l strength of 1.27 /r2, however, is almost a 
factor of two too large (see Table 5.5). Keeping in mind th a t for this case the  to ta l M l strength  is 
only about one sixth of that for good rotors like the Gd isotopes, this is not unreasonable because 
the  starting point of the theory is the  assumption of a  reasonably well-deformed system which 196P t 
is not. Nevertheless, it is important to  emphasize that in this case the theory predicts a  significant 
reduction (by a factor of 1/3 from the  value of 3.55 ft2 predicted in the SU(3) limit of the theory) 
in the M l strength, in agreement w ith what is observed experimentally.
To summarize, the description of the  7 -soft rotor shows some of the limits o f the pseudo SU(3) 
model but still gives a  reasonable description of the experimentally observed low-energy features 
and  the M l transition spectra, thus being the first nuclear model to address the  scissors mode in 
the  transition region.
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Figure 5.8: Low-energy and M l transition spectrum  for 194Pt. The experimentally oberved low- 
enery energy spectrum  for l96P t  does not show typical rotor characteristics. As for the Gd isotopes, 
the experimentally determined energy spectrum and known E2 values were used in a fitting routine 
to determine the  parameters of the  Hamiltonian. The Ml transition spectrum  that was derived 
using these results is in reasonable agreement w ith the  experiment.
5.4.3 R esu lts for odd-even nuclei
As a many particle theory, the pseudo SU(3) model is also able to describe the much more complex 
case of odd-even nuclei. The single impaired nucleon introduces strong single particle features which 
pose a strong challenge to the ability of the pseudo SU(3) model to incorporate collective and 
non-collective aspects of the nuclear interaction a t the  same time.
To investigate the scissors mode in the odd-even case, the following generalization of the SU(3) 
Hamiltonian introduced in the even-even case (see Eq. (5.68)) is used
Hpsu{ 3) =  — (a 2 +  a.syrn)C2 +  113C3 4- b K j  +  c J 2
+Cir +  Cu ^  liu Siw
* 1/
t o - E e + o . - E ‘i
I* t*
- G r H p  -  Gv H p. (5.71)
Here J 2 and K 2, the square of the  total angular momentum and its projection on the intrinsic 
body-fixed symmetry axis, have been introduced as a  generalization of L2 and and the singlp
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particle spin-orbit terms, have been added to  the Hamiltonian. To reduce the  number of
fitting parameters, we decided to  take the well-established values for the single particle spin-orbit 
and orbit-orbit coefficients th a t are given for example in [106].
A restriction for our investigation is the fact th a t we cannot describe a  nucleus where the unpaired 
nucleus is from an intruder level, i. e. has a unique parity, and is thus not included in the pseudo 
SU(3) basis space. This is the case for 157Gd which might be a  reason for the different M l transitions 
spectrum  which shows an even distribution of about 80 states with similar small transition strengths.
The nucleus we picked for a  first test of the pseudo SU(3) model for odd-even nuclei in the 
actinide region was 163Dy, where the unpaired nucleon is a neutron from the N  =  5 (N  = 4) 
shell w ith J + = | - . To reproduce the correct low-energy spectrum, the single particle spin-orbit 
interaction turns out to be essential. In a simple SU(3) model with only a quadrupole-quadrupole 
interaction, the lowest sta te  would be a  J + =  ^ state. In principle, an additional K j  term  with 
a negative sign should be able to lower the energy [92] of a  state  w ith larger J  enough to make it 
the ground state. As it turns out, however, in order to get the correct J + = |  ground sta te  from 
K j  alone it would have to be so large that the rotational structure of low-energy spectrum  would 
be destroyed.
By adding the single particle spin-orbit terms to  the SU(3) Hamiltonian, w ith the  parameters 
given as in the literature [106], the low-energy spectrum  almost automatically has the  correct struc­
ture and a very good fit can be achieved (see Fig.5.9).
As it turns out (see Table 5.4), the strength of the pairing interaction resulting from this fit is 
almost zero, a  result th a t could not be changed w ith different starting parameters.
Results for the M l transition spectrum also look very promising. The general structure of the 
spectrum  is reproduced, where the maximum strength is much smaller than for the  neighboring 
162Dy and l64Dy isotopes. Also, the total M l strength of 1.45 given by our calculation is close 
to the  experimental value of 1.77 for 163Dy. The corresponding theoretical and experimental
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Figure 5.9: Low-energy and M l transition spectrum  for 163Dy. The experimentally observed low- 
energy spectrum  for odd-even 163Dy is characterized by a combination of single particle and rotor 
features. As for the even-even examples studied, the experimentally determined energy spectrum 
and known E2 values were used to  determine th e  parameters of the Hamiltonian. T he calculated M l 
transition spectrum  is in reasonable agreement with the relatively large number of experimentally 
observed low-lying transitions.
results for the  neighboring 162Dy were 3.19 fi% and 3.29 ii2n , respectively, demonstrating the ability 
of the model to describe the different features of each nucleus.
The experimentally observed reduction in to ta l transition strength by a factor of two or three for 
the odd-even case as compared to  the even-even case [44] can not be reproduced by other microscopic 
[113] or core-coupling model calculations [99, 100]. These models predict that the  scissors mode 
strength should be nearly equal to  that of the  even-mass neighbors as is also predicted by a sum 
rule approach by Ginocchio and Leviatan [54].
W hether the pseudo SU(3) model can give a  more realistic description for other odd-even nuclei 
will be explored in future work.
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C hapter 6
Conclusion
T he goal of this work was to explore the collective and non-collective features of the so-called 
scissors mode within the framework of the pseudo SU(3) model.
O n the basis of a linear connection between the invariants operators of the rotor group and 
SU(3), it was possible to  generalize the original geometrical picture of the Two Rotor Model th a t 
assumes axial deformations by adding an additional “tw ist” mode for triaxial proton or neutron 
distributions. In the most general case, i. e. for triaxial proton and neutron distributions, four 
modes are realized: In addition to the “scissors mode” -  the  only one possible in the axial-axial case 
-  a  “tw ist” mode and two combined “scissors plus twist” modes. Each of these modes corresponds 
to a  well-defined SU (3) irrep that includes a  =  1+ s ta te  with non-zero M l transition strength to 
the =  0 + ground state. These irreps then define the basic structure of th e  transition spectrum. 
This feature and the ability of the pure pseudo SU(3) model to reproduce the  to tal Ml strength in 
good agreement with the experimental results (less than  3% difference for 156Gd and 160Gd), are 
strong indications for the underlying collective structure of the scissors mode.
As has been noted, no fitting parameters like effective g  factors were used to  compute the results 
for the M l transition strengths. It was shown that a  simple analytic expression gives the M l 
transition strength for the each of the different modes in terms of the SU(3) parameters (A*-,/**) 
and (A„,/a„), respectively, for proton and neutron distributions.
As a  many particle theory, the pseudo-SU(3) model can be modified by adding non-collective 
one-body and two-body residual interactions to the Hamiltonian. This allows one to describe the
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experimentally observed fragmentation of the M l strength, thus giving a  natural explanation for the 
observed breakup of the transition strength into clusters of closely packed transitions. While the 
underlying collective structure of the pseudo SU(3) Hamiltonian dictates the general structure of 
the M l transition spectrum, the additional pairing interaction appears to  be essential for a  realistic 
description of the experimentally observed fragmentation [14].
A first test for a realistic Hamiltonian with collective and non-collective features were calculations 
for the well-deformed even-even 1S8“ l60Gd and 160-164Dy isotopes, for which the pseudo SU(3) 
model is supposed to work well. It has to be emphasized, however, th a t the description of the Ml 
transition spectrum which requires the correct M l transition strength in a small energy region, poses 
a much larger challenge for a  microscopic theory than  the rotational structure and E2  transitions 
of the low-energy spectrum. The results found in our investigation showed good agreement with 
the experimentally observed values and appear to be of better quality than comparable calculations 
using the QRPA model [125].
To demonstrate the ability of the pseudo SU(3) model to address a  large variety of cases, we 
also investigated the nature of the scissors mode for 196 P t [37]. Experimental results for the Ml 
strength distribution of this 7 -soft rotor have been obtained only very recently and have not yet 
been addressed by other nuclear models.
Our results show some of the limits of the pseudo SU(3) model th a t starts with th e  assumption 
of a well-deformed rotor. However, the configuration mixing introduced by the pairing interaction 
“softens” the rotor enough to  give a reasonable description of the low-energy spectrum as well as of 
the M l transition spectrum. These results are another example for how the interplay of collective 
and non-collective features in the nuclear interaction is reflected in the nuclear structure. This 
application of the pseudo SU(3) model for a triaxial deformed nuclei is based on results of an earlier 
project th a t used a statistical measure to show the goodness of the  pseudo-spin symm etry for all 
deformations [13].
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In the odd-even case, the unpaired nucleon introduces additional non-collective features in the 
low-energy spectrum  as well as in the Ml transition spectrum. Here it was shown for 163Dy that the 
single particle spin-orbit interaction is crucial for a  realistic description for both the energy structure 
and the scissors mode. In contrast with other theories that predict the same total M l transition 
strength for odd-even nuclei and their even-even neighbors, our results could reproduce the drop by 
a factor of one half that was oberved in different experiments [77].
To summarize, the results presented here demonstrate the ability of the pseudo SU(3) model to 
describe the complex interplay of collective and single particle features in atomic nuclei.
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A pp en d ix  A
SU(3) group theoretical tools
Among the most appealing features of the SU(3) model are the powerful group theoretical tools 
th a t make calculations more efficient and transparent. Definitions and notation for these tools that 
are used throughout this work are summarized in th is appendix.
In earlier versions of the SU(3) shell model, when some of these techniques and especially the 
corresponding computer code were not yet developed, it was only possible to investigate operators 
tha t could be written in terms of SU(3) generators. Using the second-quantization formalism in 
its tensorial form and the SU(3) generalization of the  Wigner-Eckhart theorem, however, it is now 
possible to efficiently evaluate m atrix elements of the  one- and two-body operators th a t are part of 
a  more general shell model Hamiltonian.
As will be shown in this appendix, these operators can be expanded using only two kinds of 
SU(3) unit tensors constructed from fermion a n n ih i la t io n  and creation operators for either the one- 
or two-body case. Since the operator dependent coefficients for these expansions can be derived 
relatively easily and are known for the operators used here, only the  reduced m atrix elements of 
these unit tensors have to be evaluated for a particular nucleus and basis selection. This is done by 
a  computer code developed by Bahri and Draayer [4, 6] which uses sophisticated logical operations 
and bit manipulation procedures to  save disk storage and computing time.
Also discussed is the transformation of an operator given in real space into the pseudo SU(3) 
space, such that the advantages of a  expansion in  unit tensors can also be used in th is case. A 
basic ingredient for these calculations are the SU(3) equivalents of the  3J, 6J and 9J recoupling
128
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
coefficients known from angular momentum theory. Their definitions and some basic properties will 
be presented next.
A .l  S U (3) W ign er coefficients
Different from the SU(2) case where the coupling o f the angular momenta li and to  I is unique, the 
situation in the SU(3) case is more complicated and an outer multiplicity label p is needed to distin­
guish multiple occurrences of a  given total irrep, (A, p), in the direct product (A i,p i)® (A 1, p i) . This 
outer multiplicity label also enters the SU(3) Wigner coefficients, ( (A i,p i)a i;  (A2,P 2)c*2 1 (A ,p )a)p, 
for the  coupling of two SU(3) irreps, (Ajpi) and (A2P2), to a  to ta l SU(3) irrep (A, p). Using this 
notation for the coupling coefficients, the unitary transformation from an uncoupled to  a  coupled 
SU(3) basis can be written as
|(A, p ) a ) p = ^ ( ( A 1,p i)q i;(A 2,P2)Q!2|(A,p)q>p KA^pi)®! )|(A2,p 2) a 2 ), (A.1)
and the  inverse transformation is given as
| (A i,p i)a i) | (A2,p 2)a 2 ) =  ^ ( ( A i ,p i ) a i ; ( A 2,p 2)a2 | (A ,p )a)p |(A, p ) a ) p . (A.2)
a
W ith the phase conventions chosen by Draayer and Akiyama [36], the  orthonormality relations for 
these Wigner SU(3) coefficients are
( (Ai.Mi W i m i ;  P i i v i h m t 1 ( A , p ) / d m ) p
aia3
* ((A i.P iK x iim i; ( \ 2,H2)K^l,2m ,2 \(X ,n )K lm )p
= x&ft'n&p'p 1 (A.3)
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and
(Ai,/xi)/eiZxmi; (A2, ti2)K2l2m 2 1 (A ,p)/dm )p
{ - }
x ((Ai,Mi)'«Win»/i; (A2.A‘2)'4 i2^ |( A , / i ) /c im ) p 
=  *̂ 1 ^tx I? ̂ m \  m ', ̂ mj ic't ̂ icj 1 (A-4)
with the summation {—} running over all possible p, A, p  and k, I, m  combinations. For the SU(3) 
D SU(2)®U(1) group chain the sublabels in equation (A.4) have to be replaced by the corresponding 
quantum  numbers e, A and p.
By d e fin ing  so-called double-barred or “reduced” S U (3) coupling coefficients, it is possible to 
factor out the dependence of the S U (3 ) Wigner coefficients on the m  or M \  subgroup labels into a 
“geometric” part that is simply a S O (3 ) Clebsch-Gordan coefficient. For the SU(3) D SO (3) group 
chain with the subiabel a  =  Kim, the relation between the “full” and “reduced” Wigner coefficients 
is:
<(A i,pi)isilim i; (A2,p 2)«2i2m 2 | (A,p)/elm)p =
=  ((A i,p i)« i/i; (A2,p 2)«2f2 11 (A ,p)/d)p ( l im u  l2m 2 \ lm )  . (A.5)
v — ■ 1 ■ ■ v1 ——  ^ N ■“ V *
reduced Wigner coefficient geometric part
and the equivalent relation for the reduction SU(3) D  SU(2)®U(1) is:
( ( A i , p i ) e x A i A f \ , ;  (A2 , p 2 ) e 2 A 2 A fA2 I (A ,  p ) e A A f A )p
=  ((Ax,px)exAx; (A2lp 2)e2A2 1| (A3,p 3)eA)p (AxAfAl, A2AfAl | AAfA) (A.6)
^ v    y . I - *
reduced Wigner coefficient geometric part
Like the “full” SU(3) and S0(3) Wigner coefficients, the double-bar coefficients are unitary and real.
130
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
A .1.1  Sym m etry properties
Related to  the extra multiplicity p are more complicated symmetry properties than  for the SU(2) 
case where the Clebsch-Gordan coefficients transform sim ply with a  phase factor under particle 
interchange. Following the convention introduced by Draayer and Akiyama [36] for the SU(3) case, 
the 1 *-* 2 interchange of quantum labels requires a summ ation over the multiplicity p' of the final 
coupling and a “geometrical” phase matrix ^pp'KAi.Mi), (A2 , M2), (A3,M3)]
((Al,Ml)<*i; (A2, M2)^2  I (A3, M3)q 3 )p =
=  y ^ ^ p p / [ ( A l , M l ) . ( A 2 , M 2 ) , ( A 3 , ^ 3 ) ]  ( ( A 2 ,M 2 ) q 2 ; ( A l . M l ) ^ !  I (A 3 , P3 ) a z ) , /  , ( A . 7 )
p'
where $  is a special case of the recoupling coefficient Z  th a t  will be introduced in the following 
section (A.2.1) on SU(3) recoupling coefficients,
^pp'[(Ai,Mi)> (A2,M2); (A3,M3)] =  £[(Ai,Mi)(00)(A3,M3)(A2,M2); ( A i ^ O l p ^ ^ ) ! ^ )  • (A.8)
For the special case where the coupling (Ai, mi) x (A2, M2) —» (A3, M3) is unique, $  reduces to a simple
phase factor
*ii[(Ai,Mi).(Aa,A*2),(A3,M3)] = ( ~ i r  = . (A.9)
The situation is simpler for the 1 «-» 3 interchange where th e  multiplicity index p  is conserved and 
the Wigner coefficients are related by a simple factor,
( ( A i . m i ) o i ; ( A 2 , M 2 ) a 2 l ( A 3 , M 3 ) a 3 ) p  =
=  ( - i r +«  y  ^ ( A ^ m ! )  < (As, M3)qs; (M2A2)d2 1 (Alt mi)ox >p , (A.10)
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with the dimension of a  SU(3) irrep and the  phase factor <p given by
dimCAj^) =  i(A* +  IXm* +  l ) ( A i +  2 )
V7 =  (A i  +  n  1 ) +  (A 2  +  M2 ) — (A 3  +  M3 ) > ( A - l l )
and the conjugate quantum number d  and the phase factor Xi for the SU(3) D SO(3) or SU(3) D
SU(2) ® SU(1) reduction are given as follows:
a  — kI — m  =  —eA —M \
Xi =  ( * t  -  ni) + l i - m i =  i(A< -  / i t )  -  -  AfAi - (A. 12 )
A .2 S U (3) recoupling coefficients
A .2.1 Recoupling of tw o states
Because of the symmetry properties of the W igner SU(3) coefficients which transform  differently 
under the 1 «-» 2 and 1 <-* 3 interchange (see Eqs. (A.7) and (A.10)), the SU(3)-Racah coefficients
for the recoupling of three SU(3) irreps depend on the order of the couplings. If the  initial coupling
is:
i.) [[(Al ,/ii)® (A 2,/i2)](Â W ® ( A 3,/i3 )](A’,lW 3  , (A.13)
possible final couplings are either
H.) [(AiT/ii)® [(A 2,/i2)®(A3,M3)]( W ” )' 23](A,M)'’I “  , (A.14)
or
Hi.) [[(Ai,/ii) ® (A3,/i3)](Al3,tt3)',«  ®(A2,/i2) j ( . (A.15)
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Using a  similar notation as for the SU(2) case, the recoupling from case t.) to  case it.) is expressed 
using U-Racah coefficients
|[l(Ai,Mt) ® (A2 ,/x2)]( W l 2 ) "‘2 ® ( A s .P s ) ] ^ '’12-3)  =
=  ^ 2  U((Ai,^i)(A2,/t2)(A,/x)(A3,/t3); (Ai2 Mi2) f t2/’i2,3(A23 P23)P23Pi,23)
( - }
x |[(A i,/ti) ® [(Aa.w) ® (As,M3)I<a**Mm>' * * )  , (A. 16)
with the summation {—} over all possible intermediate sta tes (A23 P23)p23 and muliplicities pi,23- 
For the recoupling from case i.) to case iti.)> Z-Racah coefficients have been introduced [88]
|[[(Ai,Mi) ® (A2,pa)](A‘a,‘ia)',«  ® ( A s .h s ) ] ^ '’12-3)  =
=  ^ 2  ^((A2jP 2)(Ai,Mi)(A,p)(A3,P 3); (A12 P l2)Pl2Pl2,3(Al3 P l3)Pl3Pl3,2)
{->
X |[[(All#ii) ® (A3> h3 )](A*3 **l3 P̂I3 ® (Aa.pa) ] ^ ' 13 2)  , (A.17)
where again the summation is over the intermediate states (A13 P i3)p13 and multiplicities pi3,2. U and 
Z-Racah coefficients are related in a  nontrivial way [4] and do not depend on the specific subgroup 
chosen to specify the SU(3) states.
Similar to the SU(2) case where a  6J  coefficient can be written as a  sum of Clebsch-Gordan 
coefficients, the SU(3) U-coefficients can be expressed in terms of SU(3) Wigner coefficients [64]. 
For the reduction SU(3) D SO(3) this relation between SU(3) Racah and Wigner coefficients is:
^[(A i,Pi)(A 2,P2)(A,m)(A3,P3); (Ai2 P i2)p i2 Pi2,3 (A3P3)P23 Pi,23] =
=  5 2  1̂2 2̂3) ((Al,Px)«l^i; (A2,P 2)K2l2||(Ai2P l2 )«12 1̂2)pii
{-}
x ((Al2Pl2)«12^l2; (A3»P3)K3i3||(Ap)/cZ)pI3 3
x <(A2, P2)K2 2̂J (A3. P3)«3i3l|(A23P23)K23^23)p3s
x ((Ai , p i )k i1i ; (A23P23)'«23i23||(Ap)/cf)p1>j3 , (A.18)
w ith the summation going over the sublabels { -}  =  { h , h , I 3 , 112, 123, « i,/c2 ,« 3,Ki2. ^23}-
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A .2.2 Recoupling o f four states
For a recoupling of four SU(3) irreps with the initial coupling
x.) [[(A1iMi) ® (A2,M2)](W i3 ) ',“  ® [(A3,M3) ® (A4,M4)](W M )^ ] (A,/lWl4 , (A.19)
possible final couplings are
xx.) [l(Alf /n )  9  (A3,M3)](W ,3 ) '’"  ® [(Aa,#*) 9  (A4,/i4)](W M )' ^ ] (A,'l)‘,l3“  , (A-20)
or:
xxx.) [[(Ax./ix) ® (A4,M4)](Al4W€)' M ® [(Aa,/ia) ® (A3.M3)](W as)' » ] CA’,,>' M'’4 - (A.21)
Again using a similar notation as in the SU(2) case, the 9-(A, m) recoupling coefficient for the  trans­
formation from case i.) to case ii.) is defined as:
|
r 4 pjj 34((Atjl))QtV
[[(A i,/ii)® (A 2,^ 2)]pll(All,1I2)®[(A3,AX3)®(A4,AX4)]p34{A34'1M)] ’ ^  =
( A t ,  M i) (A 2 .M 2 ) ( A 1 2 M12) P l 2
( A 3 , M3) (A4 , M4 ) (A 34 M34) P34
£
{ - } ( A 13 M13) (A 24 M24) ( A , m ) Pl3 ,24
Pl3 P24 Pl2,34
Ir  *1 P l3  2 4 ((A vm ) ) ^ \[[(Ai,mi) ® (A3M3)]pl3(Al3Ml3) ® [(Aa M2 ) 9  ( A ^ ) ] * "  (Am,*34)] ’ )  (A.22)
W ith  { - }  =  { p i3 (A l3 A * l3 ).P 2 4 (A 2 4 M 2 4 )P l3 ,2 4 } -
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The transformation from, case i.) to Hi.) can be written as a  combination of a  9-(A, m) and Racah 
SU(3) coefficients:
I [[(Ai,Ml) ®  (A2, M2 ) r ’(A‘2M,I) ® [(As,M3) ®  (A4 ,M4)1Pm (A“ mm)]
(At, m i ) (Aj, M2 ) ( A 1 2 M12) P 12
(A4 > M4) (A 3 , M3) (A 3 4 M3 4 ) P34
( A 1 4 M14 ) (A 2 3 M2 3 ) (A,m) P14.23




X T .  ((A3, M3), (A4M4); (A34M34))
P34
[[(A t,M l) ® (A4 ,M4 ) ] 'w ( W l 4 )  ® [(A2 ,M2 ) ® (A3 ,M3 )]p“ (A” #J2:,)] Pl4'” ((A’,‘))a^  CA.2 3 )
where { —} = {pu(Al4 M14 ) ,  P23(A23M23)Pl4.23}-
A.3 Second quantization
The techniques of second quantization provide a  common formalism for the construction of many 
particle states and operators. The major application of this formalism used in this work is to express 
one- and two-body operators in second quantization that are part of a Hamiltonian operator and 
thus preserve the particle number. In addition, the second quantization formalism allows one to 
describe operators th a t change particle numbers by either a  stripping or pick-up process.
Since the creation operator and, after adding a  phase, the annihilation operator have a well-known 
SU(3) tensor structure, th e  second quantized from of a many-body operator is directly related to 
its tensor expansion. This SU(3) tensor expansion together with the many particle wave functions 
expressed in a  SU(3) basis, allows us to use powerful group theoretical methods for the evaluation 
of matrix elements.
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The starting  point is the introduction of a  fermion creation operator which creates a  single 
particle s ta te  [7 ) by acting on a  vacuum state |0):
<410) =  |7> , (A.24)
where 7  is an  abbreviation for the quantum  numbers necessary to describe this state. In a  SU(3) shell 
model these are irrep and intra-irrep labels of SU(3) and the  spin quantum  numbers, specifically,
(77,0) lm i \m a for a particle in the 77 shell using the SU(3) D SO(3) scheme.
The conjugate operator a ,  can be interpreted as the  annihilator of a sta te  I7 ):
a , |7 > =  |0> - (A.25)
Acting on a  vacuum state, a  annihilation operator gives zero,
0,10) =  0 (A.26)
which in tu rn  can be used as a definition of an abstract vacuum state. The interpretation for shell 
model calculations identify an empty shell with |0 ).
The fundamental symmetry properties that distinguish fermions from bosons can be expressed by 
a  set of anticommutation relations for the creation and annihilation operators so that the requirement 
of a  antisymmetric wavefunction under particle exchange is equivalent to:
{a*, a ,/}  =  a \ ay  +  a y  a* =  (A.27)
{ a ^ ,a ^ }  =  {o7, a y }  =  0 ,
In comparison, the requirement of a  totally symmetric wave function for the  boson case where
creation and annihilation operators are denoted, respectively, as b* and b „  is equivalent to  the
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following commutation relations:
[6* , fey] =  b \  fey -  fey 6* =  5 y y
[ 4 6v ] = ^ M  =  o .
A.3.1 M any particle wavefunctions in  second quantization
A many particle state representing N  fermions can be generated from a  vacuum sta te  |0 } by the 
successive action of N  creation operators:
|7 i 72,», 7t f)F = < 4  < 4 - a\ N 1°) « (A.28)
which is equivalent to a representation using a Slater determinant
|7172,..,7W>F =  (Nl ) -*  £ ( - l ) ffpP ( ^ l (x1) ^ ( x 2) . . . ^ ( x Af)) , (A.29)
P
with the summation over all possible permutations P  and the phase factor (—l ) ap is +1 for an even 
or —1 for an odd permutation.
To show th a t the two wavefunctions constructed in Eqs. (A.28) and (A.29) are equal, the scalar 
product of two states of the form (A.28) can be expressed as:
(0 |o y w .. .^ ,< 4  ...< 4 J0 ) =  detll&yy.'ftll , (A.30)
using the anti-commutation relations for the fermion creation and annihilation operators given in
Eq. (A.27). This is the same result th a t holds for two Slater determinants of the  form given in Eq. 
(A.29).
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A .3 .2  M any b od y operators in  second quantization
The next step is to express symmetric one- and two-body operators in second quantization. A 
one-particle operator of a  system of N identical particles is defined as
F  =  £ / ( * , )  (A.31)
i=i
where /(x<) acts on a  particle with coordinates xt . It is called symmetric if it acts in the same way 
on every particle, i. e. commutes with the permutation operator, P.  This operator can be expressed 
in second quantization as
F  =  £ > | / | 7> a ^ ,  (A.32)
0,~t
so th a t its matrix elements with respect to  a  wavefunction in second quantization (A.28) are the 
same as the one of F in first quantization (A.31) with repect to a Slater determ inant (A.29). Similary 
a two-body operator,
N
G =  ^ 2  g( i i ,Xj )  , (A.33)
i < j = 1
can be expressed in second quantization as
G = 7 E w • (A-34)
/3,-r,4,e
where (/37 | and |<Se) are normalized antisymmetric two-particle states.
This formalism can be generalized for an operator O th a t creates m  and annihilates n  particles:
°  = ^  <q iq 2 - q "»I 0 10i02-Pn)a*ai Oqj—Qa„ a*....aft, a0l . (A.35)
‘ <*i 0j
For the n /  m case th is generalization allows one to describe particle transfer, where m  > n 
corresponds to a pick-up and m  < n  to  a  stripping process. Since a Hamiltonian conserves particle 
numbers, they must be m  =  n  objects and only the cases n  =  1 and n  =  2 are used in this work. The
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next step is to expand these operators in term s of irreducible SU(3) tensors so th a t group theoretical 
methods can be used for their evaluation.
A .4  SU (3) Tensors
Tensor operators are characterized by their especially easy transformation behavior w ith  respect to 
a  certain group. Specifically, operators T(A) are called tensor operators with respect to  a  group G 
if they transform among themselves like a  representation A of G:
h t (x x ) n ~ l =  £ < Avi n | a a) t ( a v ) - (a.36)
A'
If H  is replaced by the  infinitesimal transformation
T l =  1 +  t aX a , (A.37)
relation (A.36) can be also expressed by:
[X*, T { Aa)] =  £ ( A *  | n  |Aa) T ( \ X' ) .  (A.38)
A'
Specifically, in the SU(3) case where the generators are denoted as C™ this means th a t  a  set of 
operators T  form irreducible tensors with respect to SU(3) if the elements of T  transform
under SU(3) as
[ C i \ T ^ )  =  ^ ( (A ,/x )7 |C “ | ( A , ^ ) r ^ >  , (A.39)
y
where a , /3 and 7  are, respectively, the  irrep and intra-irrep labels of SU(3). W ith the SU(3) coupling 
coefficients introduced above (see section A.1), irreducible tensors may be coupled according to  the 
rules for coupling SU(3) irreps to give a  new tensor:
[T(A,.„d 0  ^ A a.«)](A,.»>, =  ((Ai, #*i)ai; (A2 ,P 2)a 2 |(A3,M3) a 3)p . (A.40)
at .aj
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A .4.1 W igner-Eckart theorem
The W igner-Eckart Theorem, known from angular momentum theory allows one to  express the 
matrix element of a  tensor operator in term s of the product o f a  reduced matrix element that is only 
a function of the angular momenta and a  Clebsch-Gordan coefficient that contains the projection 
quantum  numbers [87]:
(Z3m3| 7 *  ] h m y ) = h m t l2m 2 \ l3m 3 > (Z3|| T4’ || h  ) . (A.41)
This factorization into a  geometric part and a  reduced m atrix  element allows one to calculate and 
store relatively few reduced m atrix elements before ru n n in g  a  computer code to  evaluate the full 
set of m atrix  elements which can then be easily generated by ju st multiplying these reduced m atrix 
elements with a Clebsch-Gordan coefficient.
This procedure can be generalized for the  SU(3) case where the matrix element of a  SU(3) 
irreducible tensor operator can be written as the product of a  SU(3) Clebsch-Gordan coefficient and 
a so-called triple barred reduced matrix element [36]. For the  the SU(3) D SU(2) x U (l) subgroup 
chain, this generalized SU(3) Wigner-Eckart Theorem has the  form
( (A3, At3)e3A3MA3 | | (Alt fn )  erAxMyv,) =
= y i  {(Ai, /it) e iA iM Al; (A2, a*2) e2A2AfAl| ((A,/i)e3A3MA;i)p
P
x{(A 3, /x3) | | | T ^ > | | | ( A 1, /r1) ) p =
= y i  ( AiMa.,, A2MAj | A3M A3 ) ((A i,/il )eiA i; (A2, jx2) e2A2|| (A3, ^ 3)e3A 3)p
P
^ ((A3,M 3)ll|r<A« '« ) |||(A I , / i1) ) p i (A.42)
and for the  SU(3) Z3 SU(2) chain, the Wigner-Eckart theorem takes the form 
( (Aa, w W s m a  | (Ax.MiJisifimr > =
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=52  ( ( ( Ai> M i) K ilim i;  (A2 , M2 ) « 2 i2 m 2 | ((A ,ii)K3l3m 3)p
P
x ( ( A 3 , M 3 ) I I |T < A:" « M I I ( A i ,M i )> p  =
=y ^  ( l i m i ,  l2m2 \l3m3 ) < ( A i ,M i) « o i i ;  (A2, M2 ) *2*211 (A 3,M 3)**3)p
P
X < ( A 3 , w )  III I***-1" )  III ( A t . / * ! ) > , , (A.43)
where the triple barred reduced matrix elements are of course independent from th e  subgroup chain 
chosen.
A useful expression is the  relation between the tripple barred reduced m atrix elements of two 
irreducible tensor operators and and the reduced matrix element of the coupled
operator ® [/(■̂ ■»p<*)jpo('̂ op<>);
( [ ( A i . J i i )  ®  ( A2 , ®  y « . » . ) r . ^ * . | | | | [ ( A X )  ®  ( X W ) Y f ( y * \
- E
P1P2
(A'xMi) (A tM t)  ( A i . M i )  Pi
(A2M2 ) (A uM u) (A2 ,M2) P2
( A ' .m O  (AoMo) ( A ' . m ' )  p
P' PO P
( ( A 1, m i ) I I !T (A' ' “ >|| |(A'1m ,i ) ) p ,  ( ( A 2 ,M 2 ) | | | t f (A- ^ ) | | | ( A iM i) ) Pa (A.44)
A.4.2 Tensorial second quantization
The SU(3) Wigner-Eckart theorem can now be used to simplify the evaluation of many-body oper­
ators with SU(3) tensor character. Following the notation introduced in section A.3.2, a one-body 
tensor operator of rank (A0/x0) and spin s0 can be expressed in second quantization as
= E«* ° ) 1 1 0),m; r**>*
{-}
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X • (A-45)
In general, the  SU(3) irreps of the  initial and final single particle state  could be different, corre­
sponding to an “excitation” operator that shifts a  particle from shell T) to shell r f. In this work, 
however, the so called symplectic extension of the SU(3) model which describes such shell mixing 
effects [47] are not used and only operators th a t act within a single shell are considered.
By applying the Wigner-Eckart theorem and the symmetry properties of the SU(3) and SU(2) 
coupling coefficients, the above expression for a  second quantized operator can be rew ritten in terms 
of a  triple barred reduced m atrix element:
lim(T?, ° )  1 Y '  V  r - 1
l)dim(A0,Mo)J ’
2di (j7,
( 2 s 0 +   v - u . r - u / j  u. mm'm.m'.
1 . 1
x <2m »’ 2 "  ~ ™llomi0)
x <(»7.0)/',(0Ii|)II|(Ao,i|o)«o/o>o|I|i0)|,m#;imia(l|t0),m;^m.} . (A.46)
The expression for an operator in second quantized form can be simplified if we use the fact th a t 
the creation operator for a spin |  particle in shell rj is a  proper SU(3) tensor of rank (t), 0),
=  I ( V , 0)1^1,\ m t ) , (A.47)
and determine that the corresponding annihilation tensor d^0,r,̂ i  is related to  the annihilation 
operator by
aEmt = (-),̂ +m,+*+m'af-iim. • (A.48)
By coupling the single particle creation and annihilation operators to a tensor o f rank (A<j, no) and
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spin so.
f flt (v .O );£  ®  g (0,iri;$l(Ao.<*o);*o _
1“  y y “  lKofcn»i0 ; m .0
=  ^ ((T 7 ,0 )i,1(0,T7)i||(A0,i7o)«oio>
X ( ^ m 5. |  -  m s |s0m So)(Z'm', Z -  T n\l0m lo)
Eq. (A.46) can be simplified to
■p(*o.lto);a0,J f  (v + 1)(*7 +  2 ) 1 ^
«coi0m,0 Af [(2so +  l)dim(Ao,Mo)J




A two-body tensor operator in second quantized form can be written as
£ (* ,« ,)»  =  - ^ ( ( ^ i . mO ^ i I I I ^ ^ I I K A z, M2); 52)^0 







Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
x [[of {r,0)̂  <8 a f g, [a(°v);i ® 5(0v);i|(Aa,a3);«aj(*<w'o)<,' :*> (A.53)
A .5 Tensor expansion  o f  pseudo S U (3) operators
If a one-body SU(3) tensor operator has to be evaluated in a  pseudo SU(3) basis, it is necessary to 
rewrite it u s i n g  pseudo q u a n t u m  numbers. For this relabeling it is convenient to  express the  operator 
in a J coupled scheme since this quantum number is invariant under the transformation from the 
real to the pseudo space:
=  Z  E  j r o jV ° l ( ^ 0 ) r ; i / n v )
IV  j j ' m ,  m , ,
^ j »
IV  j f
(A.54)
Discarding the terms with j  =  r? +  ^, the tensor product of creation and annihilation operator can 
be relabeled using pesudo SU(3) quantum numbers,
(A.55)
and recoupled into unit tensors
[a t  ( V , 0 ) i ; i J  ^  g ( 0 , 4 ) l ' i ^  j ' j j d  _
‘ i  i
- E
IqSo
I ' I f
Iq So jo
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i  5 3
V h f- EE
Ao./io
To JO
x [a* g g(°.o)i>:ij(A°.<io)iorfojo
Substituting this result into Eq. (A.54), the matrix element for one-body operator becomes
3 ^  =  5 2  A o . f r ,  * o ,& ,  so )  X (<lt (^ 0 ) i : i ® “ (0’W  : i ] fc o ,io)/o:iO’JO
AoAo *oSo
where a coefficient C J0 has been introduced,





h j +  1
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